Chapter 3

Binary relations on a set

3.1 Equivalence relation
Definition 3.1. Let R be a binary relation on E. R is an equivalence relation if:

1. Ris reflexive :
Vx € E, 2Rz
2. R is symmetric :
Ve,y € E, xRy <= yRx
3. 'R s transitive :
Va,y,z € E, [tRy NyRz] = =Rz

Example 3.1. We consider the following relation on Z.:
Ve,y € Z, xRy <= Jk € Z, v —y = 2k

it is an equivalence relation .

23



1. R is reflexive : Let x € Z, we have

r—r=2x0 < 2Rz
Then, R is reflexive.

2. R is symmetric :
Let x,y € Z, we have
TRy < dkeZ,x—y=2k

= y—ax=2kK=-keZ)

— yRx

Then, R is symmetric.
3. R 1is transitive : Let x,y, z € Z, we have

dkeZ, x—y=2k..... (1)
TRy NyRz <— A

K e, y—z=2kK..... (2)
MH+2) = z—z=2t" (K=k-F)ecZ)

— TRz

Then, R is transitive.

So R is an equivalence relation .

3.1.1 Equivalence class

Definition 3.2. If R is an equivalence relation in a set E, the equivalence class of x € E is

the set
t={y € E/xRy}.

notation 3.1. We denote by E/R ( the set of quotients of E by R) the set of equivalence
classes of R



E/R={i/z € E}
Example 3.2. In the previous example, give & and E/R

i = {y€Z/aRy}
= {yeZ/xz—y=2k}
= {x—2k/keZ}
= { . x—4rx—-2,x,x+2,x+4,...}

0 = {yeZ/0Ry}
= {..,-4,-2,0,2,4,...}

i = {yez/1Ry}

= {..,-3,-1,1,3,...}
2 =0
Z/R = {&/xcZ}.
Z/R = {0,i}.

Proposition 3.1. Let R be an equivalence relation in the set E. Then,
e Vxe F, 2 CE.
e Vx e E, i#0.

e Vxye B, 2Ry —= = =19.

3.2 Order relation

Definition 3.3. Let R be a binary relation on E. It ’s an order relation if:

1. R is reflezive :
Ve e F, xRu.

2. R is anti symmetric :



Ve,y € B, [fRy NyRzx] = = =y.
3. R s transitive :
Ve,y,z € B, [tRy NyRz] = zRz.
Definition 3.4. Let R be an order on FE.
o An order relation R on a set E is total if:
Vr,y € E: xRy ou yRx.
It is also called (E,R) a totally ordered set.

o If the order R is not total, we say that R is a partial order.
Example 3.3. We equip R? with the relation noted as R defined by:
(z,y) R, y) =z <2’ ety <y.
Demonstrate that R is order relation on R%. Is the order total?

1. R is reflexive :
Let (z,y) € R?, we have v < x and y < y = (z,y)R(z,y) .
2. R is anti symmetric :

Let (z,y), (z',y') € R?, we have (z,y)R(x',y') and (2',y')R(x,y), then we have both

x <2 and 2’ < x then x = 2’ and likewise y =y .
3. R is transitive :

Let (z,y), (z',y), (2", y") € R?, we have (z,y)R(z',y') and (z',y)R(z",y"), then we
y/

have both x < 2’ < 2" and y <y’ < y” then (z,y)R(z",y").

So R is order relation .

The order is not total, because we cannot compare (0,1) and (1,0).
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