@R%tm’b encencives with amamsers

For problems 1 to 4, verify if the function y; is a solution to the differential equation.

/1

y'—y=0;  w(@)=e",  ya(x) = cosh(z)
vy —y =% y(z) = 22 + 3z
y'+2 =3y =0;  yp(z) =€,  pr)=c

z?y" + 5wy’ +4y =0, z > 0; () =272, y2(z) = 27 In(x)

Cornection

yl(x): e’ "o _ T T
{m(a:): e Ay = TH T TS0

So y; is a solution to the differential equation

{ ya(w) = cosh(x)

7 _ . _
yh(z) = sinh(z) A y5(z) = cosh(x) = Y2 — 92 = cosh(z) — cosh(z) =0

So ys is a solution to the differential equation

J(x)=2c+3 xy' (x) —y(z) = 2(22 +3) — 2 — 3z = 2°

So y(x) is a solution to the differential equation

{ y(z) = 2? + 3z

y1(l’): e " I =z z T __
{yi(w)z et ANyll(z) = e* =y + 2y — 3y1 = €” +2¢" — 3e” =0
So 1 is a solution to the differential equation
y2<l’) = 6—3$ - y// + 2yl . 3y — 96—313 _ 66—31: N 36_3z —0

So ys is a solution to the differential equation

y1<1’): 2 2 1 521 Ay = 6 -2 10 _92 4 ,2_0
() = —203 Ayi(x) = 6p—4 YL Ty Ay =6 = 10T A =

So y; is a solution to the differential equation

yo(z) = 27 2In(x)

yh(z) = T/\ = 22 + Sayl, + 4y, = 5 —1—62 n(x) N 5 021n(x) N 41n§x) _0
" -5+ 61n(z) x x T
ys(x) = B

So ys is a solution to the differential equation
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Equations with separable variables

Solve (explicitly, if possible) the following ordinary differential equations:

2y +y=2 (z+2)y*y +2%(y—2) =0
(eyuwchsm
d d
Y +y+2=0 & xQdy:(Q—y)dxﬁ—fZQ—y
T -y
d d 1
& /—x: —y@C’——:—ln|2—y|
x21 2—y x

& C+—:1n|2—y|<:>|2—y|:ece%
x
& 2—y:ke%@y(x):2+>\e%, AeR

2 2
22y + a2(y —2) = 0 ' _gy-—"—a
(z+2)y%y +2%(y — 2) s Al L
4

Y
4 4
& /(—y—2—m)dy:/(x—2+x—+2>dx

~1y*— 2y ~4lnly - 2| = k= 20+ 4hnle 1 2]+ O

2P+ 2y+4lnly —2(+32° — 20+ 4|z +2[=C

T3

Homogeneous equations.

2w +rx+y=0 vy =y + /2% +y?
We have :
w+r+y=0 = y’:—l—g

Ty

= f(xay):_l__

T
Yy Yy
1,4 = —1-2
0.2 !
= f(z,y)

which implies that f is a homogeneous function. then we use the change y(z) = zz(z) .

y(x)=22(x) = Y =z2+2r=>2+22=-1-2

g j P
2z +1 x 2z+1 T
—Injz|—$In)2z2+1]|=C= —iln(z)? —in[2z+1|=C
In(z?2z4+ 1)) =C = 2?22+ 1) =C

200l B _C’—x2
x(2$+1)—C’:>y(:r)— 5

¢ e
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We have :

2
v =y+ VP =y =21+ (2)

= f(:t:,y):%—l— 1+<%)2
0.8 = Lo ()
= [f(zy)

which implies that f is a homogeneous function. then we use the change y(z) = zz(z) .

y(x)=az(x) = ¢y =z+2v=>z2+2v=2+V1+22

N dz _d_x:>/ dz _/d_x
Vite @ Jviiez Ja
= argsinh(z) —In|z|=C =z +vV1+22?)—In|z|=C
z+V14+ 22 z+V1+ 22
= nh|l———|=C= ————=(C
|| T
= Cr—z=V14+22=C%?>-2Czz=1
5 o C?z%2 —1
= C% —QCy(x)zliy(g):T

For problems 1 to 4, determine the order of the differential equation, then specify if it’s linear or
non-linear.

2%y" + xy + 3y = cos(x)

2
% + cos(y —x) = €*
3
% + xj—i + (cos? )y = sin(x)

By —y® + V2 +y +y =2

Corvnection

The order is n = 2. Since F is linear, the differential equation is linear.

F(y) =a*y" +zy + 3y
Let y1, y2 be two functions which are twice differentiable and o € R:

Flayi+y2) = 2*(ayr +y2)" + z(ayr + y2) + 3(ay + yo)
= ax?y + 22y + axy] + 2yh + 3oy + 3y
a(z?y] + 2yl + 3y1) + 22y + xyh + 3y

— aF () + Fly)

The order is n = 2, Since the map F' is non-linear, the differential equation is non-linear. (F'(0) =
cos(x) # 0).
F(y) =y" + cos(y — x)

The order is n = 3, F(y) = y® 4+ zy/ + (cos?x)y, F is a linear map.

The order is n =4, F(y) = 3y™® — y® + /2y + 9/ +y, F is a linear map.
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Linear equations by integrating factor method.

Y +dy=e " v +2xy==x

Corvnection

Y +dy = = a(z) =4 = p(r) = e*

which implies that
e4a:y/ +4e4$y — e = (yellcr;)’ —
= yel® =+ C
= y(z) =3+ Ce

Y + 2y =1 = a(z) = 2z = p(z) = @)
which implies that

y/e(x2) + 2$6($2)y o :L'e(xQ) <y<x>6(a’2)> o x@(xQ)

=
= ylz)e®) = ze™)dy + C

= y(z)e) = %/(2x)e<x2)d:r +C
o y(z)el = %e(x% L

=

1
y(x) = 3 + Cle (@)

<
—
8

Linear equations via the constant variation method.

g/+4y:e*3x y’—}-ngy:x

Cornection

The homogeneous equation (the equation associated without a second member) is 3y’ +4y = 0 , which
implies that y, = Ce™4®. We're looking for a particular solution in the form y, = C(z)e™**. So we

write
yy(r) = C(x)e ™ = y;(x) = C'(x)e ™ —4C(z)e ™
Hence :
y(x) +4yp(z) = e = C'(x)e™™ —4C(z)e ™ +4C(z)e ™ = 7
= (C'(z)=¢€"
= Cx)=¢e"=y,(r) =
Finally

y(@) = yn(z) + yp(z)
— 0674:17_’_6739:
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The homogeneous equation (the equation associated without a second member) is ¢’ + 22y = 0 ,
which means that y, = Ce~ ). We're looking for a particular solution in the form Yy =C (x)e_(x2).
So we write

Yp = C(z)e ) = y,(r) = C'(z)e ) — 200 (x)e )

Hence : ] 2 2
yp() + 2ayy(z) =z = C'()e™) = 20C(x)e™@) + 20C(x)e ) = 2
= C,(ZC>€_(I ) = I = C/(x) — xe(x2)
1 1
= C(z) = /xe(x )dy = 5/235@(“"3 Vdp = —e@?)
1 - 1
= yplz) = ée(w Je~(@%) — 5
Finally
y(x) = yn(z) + yp(lx)
— C _(I2) —
e + 5
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