Chapter 3

Sequences of real numbers

3.1 Definitions and examples

Definition 1

A sequence of real numbers is a real-valued function whose domain is the set of natural numbers N
or an infinite subset .4 C N to the real numbers i.e:

u : N — R u : M — R
or
N
Notations:
» Forn € N, u(n) is denoted by u, and is called the general term or n-th term of the sequence.
* The sequence u is denoted by (uy)nen OF (Un)ne 4 -
Example 1
1 ) 1 1
The sequence (u,),en+ defined by: u, = —, starts with u; = 1, and up = 5 U= 3o
n
up =1
The recurrent sequence defined by: 1+ 1 starts with u; = 1, and up = 2, uz =
U, =
" Up—1
3
T
Remark

The ways in which a sequence can be defined.

* By an explicit definition of the general term of the sequence (u,) i.e.: Express u,, in terms of n.
2n+1

n+7°

For example, u, =

* By a recurrence formula, i.e. a relationship that links any term in the sequence to the one that
precedes it. In this case, to calculate u,, you need to calculate all the terms that precede it. For
example :




3.2. BOUNDED SEQUENCES

ug =2
Up+1 = 3u, — 1
3.2 Bounded sequences

Let (u,)nen be a real sequence.

* A sequence (up),cn is bounded from above iff: IM € R,Vn € Nju, <M
* A sequence (up),cn is bounded from below iff: Im € R,Vn € Ny;m < u,

* A sequence (u,)yen is bounded iff: it is bounded from above and bounded from below which
means :

M eRL,VneN; |u,| <M

N

3.3 Increasing and decreasing sequences

T E )

Let (u)nen be a sequence

* (un)nen is an increasing sequence iff: Vn € Nyu, < upqg

Un )nen 18 a strictly increasing sequence iff: Van € Nyu,, < u,4q

U, )nen is a decreasing sequence iff: Vn € Nyu, > u, 1

* (un)nen 1s monotonic if it is increasing or decreasing.

(u4n)
(n)nen
* (un)nen is a strictly decreasing sequence iff: Vi € Nu, > uy, )
(ttn Jnen
(un ) is strictly monotonic if it is strictly increasing or strictly decreasing.
(u4n)

Uy )neN 1s a constant sequence iff Vin € N; u, | = u,

N v

3.4 Finite and infinite limit of a numerical sequence

Definition 4: Convergent sequences / )

Let (u,)nen be a real sequence. We say that the sequence (u,),cn converges to [ iff:

Ve >0,IngeN,VneN;n>ny = |u,— 1| <¢€

In this case, we say that the sequence (u,),cn is convergent to the limit / and we note lirf u, =1
n—s+-oo
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3.4. FINITE AND INFINITE LIMIT OF A NUMERICAL SEQUENCE

Remark

that: all terms up, Upy+1,Uny+2--.. are in the interval [[ — €,1 + €].

Example 2

lun—Il|<eel—-e<u,<l+esu,cll—e,l+¢

The above definition means that for any strictly positive real €, there exists an integer ng (rank) such

n

* The sequence u,, = converges to 1
n

Using the definition of convergence, we show that lirJrrl u, =1
n——+o0
Let € > 0 we have:

—1|<e

< |

ud

n+1
n

n+1
< |1-

—1|<e

—1|<e
n+1 |_

<e
n+1—

1
&S -——1<n
E

=

1 1
By setting no = LEJ >0 1, we obtain :

1
V£>0,E|n0€N(no:LEJ),VHEN;nZnO = |u,— 1| <¢

= (up)nen converges to [ = 1
Using Maple, we get the following graph:
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Figure 3.1: € =0.1
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3.4. FINITE AND INFINITE LIMIT OF A NUMERICAL SEQUENCE

Definition 5

We say that the sequence (u;,),cn tends to +eo as n tends to infinity and we note lirerl Uy, = +oo
n—+o0
iff:

VA>0,dnpeN,VneN;n>ny = u, > A

We say that the sequence (u,),cn tends to —eo as n tends to infinity and we note lirlel Uy = —o©
n— oo
iff:
VA>0,dng e N,VneN;n>ny = u, < —-A

A
Example 3

9 * Let be the following sequences :

u, =2n—+1
vp=—3n+4

We show that lim u,, = +ocand lim v, = —oo
n——+oo n—+-o0

LetA > Oona:

U, > A
S2n+1>A
S2n>A-1

A—1
aoms>a—t
"=

, Al Al
Let'sputng = [——]+1> ——

2
A-1
— (VA>0,3n9 e N(np= [~

5 |+1),VneN;n>ny = u, >A)

The same method used for the sequence (vy,),en

Definition 6: divergent sequences / |

Let (un)nen be a sequence of real numbers. We say that the sequence (up),cn is divergent if it is not
convergent, i.e

VIeR,3e>0,Vng e N,In e N; (n>ng) A(lu, — 1] > €)

Remark

here are two types of divergence

Divergence of infinite type: in this case the sequence converges to +oo or —oo. For example the
sequence with general term u,, = 2n + 4.

Divergence of type limit does not exist: in this case the sequence has no finite or infinite limit.

Common Core in Math-Inf, Batna 2-University.  4/12 2023-2024




3.4. FINITE AND INFINITE LIMIT OF A NUMERICAL SEQUENCE

| For example, the sequence with general term u, = (—1)"

Proof:
We will show that the sequence (—1)" does not have a finite or infinite limit.

By contradiction, suppose that: 1—1>T (—=1)"=1/1 € R. According to the convergence definition with
n oo

1
E=— t:
4wege

1 1
dnpeN,VneN;n>ny — unE[l—Z,l+Z]

It’s a contradiction.

By contradiction, suppose that: lirE (—1)" = 4-o0. According to the convergence definition with
n— o0

A =4 we get:
dngpeN,VneN;n>ny = u, >4

= uy € [4,+oo[= —1,1 € [4,+00]

It’s a contradiction.

We use the same method for the case: lim (—1)" = —oo

n——4-oo

Proposition 1:

If a sequence of real numbers (u,),cn has a limit, then this limit is unique.

Proof:

By contradiction

Iim uw, =1
Suppose that:;< "7
lim wu, =10
n— oo
b=k o
Taking € = ——— with [ # I, which implies

I eNVneN;n>n = |u,— 11| <¢€
I eNVReN;n>n = |uy—h|<e€
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3.5. FINDING LIMITS: PROPERTIES OF LIMITS

Putting ng = max(ny,n)
= (VneN;n>ny = |up— 11|+ |un — b| < 2¢)
With n > ng we get

‘11—12| < ]un—ll\—Hun—lz\ <?2¢€
— ’11—[2‘ <?2¢€

11 -1 £
Lkl ¢
¢ 4 2
— < 5 it’s a contradiction

Proposition 2

If (u)nen is a convergent sequence, then (u,),cn is a bounded sequence.

Proof:

We’ll show the following implication:

(Un)nen is a convergent sequence = (i, )en is bounded
Suppose that (u,),cn is convergent, then for € = 1 we have:

Iy eN,VneN;n>ny = |u,—1] <1
— m=0-1<u, <Il+1=M

So the set {upg, Ungt1s---e--- } is bounded.
On the other hand A = {uy.....,upy—2,y,—1 } is bounded (because Card(A) < +o0). Then the set of values
of () iS: {0, Uny—2, Ung—1,Ungs Ung1s---em-- } is bounded, this means (u,) is bounded.

3.5 Finding Limits: Properties of Limits

Let (up)nen and (vy),en two convergent sequences with: lirJrrl up, =1 and liT vy =1I'. The
n—s-+oo n—s-+oo

properties of limits are summarized as follows:

lim Au, = Al with A € R
i)
lim g, = 11

1
If u, #0forn>ngand/# 0then lim — = —

n——+o Yy, [

(g +vy) =1+1

I
If v, # 0 for n > ng and I/ # 0 then lim % = =

n—teoy, [
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3.6. LIMITS AND INEQUALITIES

Remark

lir£ U= — lir£ |un| = |I|. Be careful the reverse is not true. For example, if we take the
n—r—oo n— oo

sequence u, = (—1)" we have lil}_l |un| =1 but lir£ u, doesn’t exist.
n—y—o0 n—y—+oo

Proposition 3: Infinite limit’s operations

Let (un)nen, (Vn)nen two sequences with: nEToo Uy = +oo and ngrfwvn = +-oo then:

n—y+oo

1
IfVn >ngp,u, #0then lim — =0

3.6 Limits and inequalities

\

Let (¢n)neN, (Vn)nen be two convergent sequences, then:

If dng € N,Vn > ng; u, <v, thisimplies lim u, < lim v,
n—s—+oo n—r—+oo

dng € N,Vn > ng; u, <v,

If, we have (u,),en and (v,)qen two sequences which verify:- and

lim wu, = +o
n—r+oo

this implies lim v, = +oo
n——-oo

Squeeze Theorem : If (uy)uen, (Vn)nen and (wy),en three sequences with:

dng € N,Vn > ng; u, < v, <w,
and
lim u, = lim w, =1
n——-oo n——+oo

then the sequence (v,),en is convergent and lirJlrl V=1
n—r—+oo

g /

3.7 Convergence theorems

Theorem 3: Convergence of monotonic sequences /

* If a sequence of real numbers is increasing and bounded from above, then it converges.

* If a sequence of real numbers is decreasing and bounded from below, then it converges.
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Example 5

9

3.7. CONVERGENCE THEOREMS

A
Example 4
A |
uy = 1
Let (u,)nen be a numerical sequence defined by: 1412
Upt+1 =
2

Prove that Vn € N; u,, < 1

Deduce that the sequence (u,),cn is convergent.

1
* by using proof by induction, we have for n = 0, ug = = < 1 so the proposition is true. Let’s

assume that the proposition is true for k € {1,...,n} and we’ll show that u,,; < 1. According
to the assumption we have:

1 2
<1 — B<] — |42 <2 —s U

<1 = up1 <1

So, assertion Vn € N; u,, <1 is true.

1 2 _12
* OnaVneNuy ) —u, = +u"—un:%

¢ Since (u,)nen is increasing and bounded from above so (uy),cn is convergent.

>0

Definition 7: Adjacent sequences /

Let (u)nen and (vy)nen be two real sequences. We say that (uy),cn and (vy,),cn are adjacent iff:

((un)nen  is increasing
and

{ (Vn)nen  is decreasing
and

i (=) =0

L If the sequences (uy),en and (vy,),cn are adjacent then they converge to the same limit.

A

n
The sequences u, = Y,

k=1

2
5 and v,, = u, + — are adjacent :
k n

n+1 1 no] 1
[ ] J— — - R — > O i . . .
Unt1 — U kgl 2 k)gl 2 r e () nen is increasing
1 2 2 n+2 . .
® Vntl —Vn = nei2 Tnkl n = —ﬁ <0 = (Vn)nen is decreasing
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3.7. CONVERGENCE THEOREMS

tAm ) = B (=5 =0

Therefore the sequences (uy) ey and (vy),cn are convergent to the same limits.

[
N
<
Iy

Figure 3.2: (u,) and (v,) are adjacent

Definition 8: Cauchy sequence / A

Let (u,),en be a sequence of real numbers.
(tn)nen is called a Cauchy sequence in R iff:

Ve >0,3ng eN,Vp,geN;p,g>ny = |up—uy| <€

Remark

lup —uy| < € & the distance between u,, and u, is less than €.
So the definition above means that:- for any strictly positive real €, there exists ng (rank), such that
the distance between each two terms u,u, (With p,g > ng) is less than €.

Using Maple, we obtain the following graph of a Cauchy sequence:
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3.8. SUBSEQUENCE

My 20 40 60 80 100

Figure 3.3: 1, — SO FSIN 1 6 08
n
|
Example 6
9 1
* u, = — is a Cauchy sequence
n
Let p,q € N* with p < g then we have:
1 1 1 1 . . . .
lup —ug| =|—=——| <|=|+|=| according to the triangular inequality
P 4 p q
2 1 1
= |up—uy| < — (because: — < —)
p q P
2 2
Let € > 0, we put ng = p +1> P

So,Ve >0,3ng e N*,Vp,g e N*; p,g >ny = |up —uy| <€

Let (u,)nen be a real sequence then:
(un)nen is a Cauchy sequence <= (u,),cn iS convergent

3.8 Subsequence

Definition 9 /

The sequence (ug(n))nen is @ subsequence of the sequence (un)nen if ¢ : N — N is a strictly
increasing sequence of of natural numbers.
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3.8. SUBSEQUENCE

A
Example 7

9

Uy = (—1)"" =1

= (—1)" —»
Uony1 = (—1)
(u2n)nern and (uz,11)nen are subsequences taken from (uy),en

vy = cos(%F) — v3, = cos(nw) = (—1)"

(v3n)nen is a sub-sequence of (vy,),en

2n+1 _ -1

Proposition 4:

Let (u,)nen be a sequence of real numbers:

If ,,E‘Em”" = 1, then for any subsequence (4 (n) Jnen; lim ug(,y =1

n—r—+-oo
If (u,),qerny admits a divergent subsequence then (u,),c is divergent

If (u)nen has two subsequences converging to distinct limits then (u,),cn is divergent.

A
Example 8
9 the sequence with general term u, = (—1)" is divergent:
We have:
Uy = 1 ngTwuzn =1
and — and
Uy = —1 nl_i)rfwuznﬂ =-1

So,(uzn)nen and (u2p+1)nen are two subsequences of (un)neny Which converge to distinct limits,
therefore (uy),cn is divergent.

Theorem 6: Bolzano-Weierstrass Property / )

L Every bounded sequence has a convergent sub-sequence.

Definition 9: Cluster Points of the sequence / A

A cluster Point of a numerical sequence (u,),cn is any scalar which is the limit of a subsequence of

(un)neN 0
v
A
Example 9
1 * Let’s consider the sequence (u,)ncn defined by: u, = cos(n%)
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3.9. LIMIT INFERIOR AND LIMIT SUPERIOR

( .
ugy =cos(2nmw) =1 = lim ug, =1
n—r+-o0

Ugpi1 =cos(5) =0 = ngrfoou“”“ =0

Uspi2 = cos(T) = —1 = nEﬁ‘m”‘*nH =-1

Ugp43 = COS(3%) =0 = ngr_f_lmu4n+3 =0

So the sequence (u,),cn is divergent. The numbers 1,—1,0 are the cluster points of the sequence
(Un)nen-

3.9 Limit inferior and limit superior

Definition 10 )

Let (u)nen be a sequence of real numbers.
Denoting by S = The set of cluster points of the sequence (uy),enN-
We define the limit superior (resp. inferior) of (uy),en as

limsupu, = supS

liminfu,, = infS

A
Example 10

Let (uy)nen defined by: u, = (—1)"
The set of all cluster points of the sequence (uy),en is S = {1,—1}
so, limsupu, = 1, and liminfu, = —1
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