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1.1 Introduction
Classical analysis, as developed from the seventeenth century onward, rests on two fundamental
notions: the function and the integral. Together, these notions provide the language in which
physics expresses its laws. Densities, currents, forces, and fields are represented by functions;
their cumulative effects total mass, total charge, work done are computed by integrals. For an
enormous range of phenomena, this framework is not merely adequate but definitive. Newtonian
mechanics, electromagnetism, thermodynamics, and quantum mechanics all find their natural
formulation within it.

Yet the framework has boundaries. There exist physical situations idealized but indispensable
in which the objects one needs to describe are not functions in the classical sense, and in which
the operations one needs to perform are not licensed by the classical theorems. These are not
exotic pathologies. They are the everyday tools of the physicist and the engineer: the point
charge, the instantaneous impulse, the ideal switch, the concentrated load.

This chapter examines three such situations. They are not independent; they are three faces
of a single difficulty. Each one exposes the same underlying limitation of classical analysis, and
each one points toward the same remedy. The three problems are:

1. The Dirac impulse the representation of a quantity concentrated at a single point.

2. The generalization of derivation the differentiation of functions that are not classically
differentiable.

3. Weak convergence the limiting behavior of sequences that have no classical limit.

The thread that connects them is this: in each case, a classical object fails, and in each case,
the failure is resolved by shifting attention from the pointwise values of an object to its action
on test functions. This shift of perspective is the central idea of the theory of distributions,
introduced by Laurent Schwartz in the mid-twentieth century. It does not replace classical
analysis; it contains it. What it adds is the ability to differentiate without smoothness, to
represent point concentrations without paradox, and to take limits that classical theory cannot.

The purpose of this chapter is to make the necessity of that framework unavoidable. We
do not yet construct the full theory that begins in Chapter 3 with the space of test functions
D(Ω) and culminates in Chapter 4 with the definition of a distribution as a continuous linear
functional on D(Ω). Here we only assemble the evidence: three problems, drawn from physics,
that classical mathematics cannot solve and that the theory of distributions will.
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A word of caution is necessary before we begin. Throughout the motivating discussion, we
shall occasionally write expressions of the form∫

R
δ(x)ϕ(x) dx = ϕ(0),

following the heuristic computations of physicists. Such expressions must be read as shorthand,
not as integral identities. Before the theory of distributions has been constructed, the symbol
δ has no rigorous meaning, and the integral sign cannot be interpreted as a Lebesgue integral.
Only after δ has been defined as a continuous linear functional on a space of test functions will
it be legitimate to write

⟨δ, ϕ⟩ = ϕ(0),

where ⟨·, ·⟩ denotes the duality bracket between a distribution and a test function not an integral.
The integral notation is a mnemonic, a trace of the physicist’s intuition; the duality bracket is
the rigorous statement. The two coincide numerically, but they differ fundamentally in nature.

1.2 Motivating Distributions
This section illustrates the creation of new mathematical concepts by studying three examples
from physical analysis for which classical methods are insufficient. Only the theory of distri-
butions will provide a rigorous explanation for these phenomena. We begin with the Dirac
impulse.

1.2.1 The Dirac Impulse

The Dirac impulse, or Dirac delta, arose from the physical need to model idealized phenomena
such as an instantaneous force or a point charge, where a finite effect is concentrated at a single
point in time or space. No classical function can describe such a concentration: a function that
is zero everywhere except at one point must have integral zero, yet we require the integral to be
one.

The Dirac impulse is therefore defined by its operational properties rather than its pointwise
values. Formally, one writes:

δ(x) = 0 for x ̸= 0,

∫
R

δ(x) dx = 1.

This is not a definition in the classical sense it is a description of the behavior we want. The
rigorous foundation for this object will be provided by the theory of distributions, which gives
formal meaning to δ and allows for its consistent use in calculation.

Example: A Unit Mass Distributed Along an Axis

Consider a unit mass distributed along an axis (Ox) with a mass density fh, where h ∈ [−1, 1] is
a parameter defining the width of the segment over which the mass is concentrated. The density
satisfies:

fh(x) ≥ 0, fh(x) = 0 if |x| ≥ h,

∫
R

fh(x) dx = 1.

Physically, we may imagine a boat whose mass is concentrated in the segment (−h, h). When
h is large, the mass is spread over a wide portion of the axis; as h → 0, the mass becomes
increasingly concentrated around the origin.

2



Chapter 1. The Insufficiency of Classical Mathematical Tools in Modeling Real-World
Phenomena 1.2. Motivating Distributions

Compression of the Mass into a Point

What happens as h → 0? We expect the mass density to become infinite at 0 and zero elsewhere,
representing a unit mass concentrated at a single point. The limit of fh as h → 0 should
correspond to a new object δ with the properties:

δ(x) ≥ 0, δ(x) = 0 if x ̸= 0,

∫
R

δ(x) dx = 1.

The contradiction is immediate. According to Lebesgue integration theory, a function that
is zero almost everywhere must have integral zero. Yet we require the integral to be one. This
shows that δ cannot be a function in the classical sense.

Remark 1.1. The object we seek lies outside the class of functions. No amount of refinement
within classical analysis will produce it. What is needed is a new class of objects, defined not
by their pointwise values but by their action on other functions.

1.2.2 Generalization of the Notion of Derivation

The second problem is differentiation. Consider a function f : I → R defined on an open interval
I ⊂ R, which is differentiable. The derivative f ′ : I → R is a fundamental concept in analysis: it
allows us to study the variation of f , its growth and decay. However, many interesting functions
in physics are not differentiable, such as discontinuous functions.

Example: The Establishment of an Electric Current

Consider the establishment of an electric current, illustrated in Figure 1.1. The current rises
from 0 to 1 over a short interval (−h, h) and then remains constant.

Figure 1.1: Illustration of the establishment of an electric current.
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Figure 1.2: The Heaviside step function.

The question is: what happens if we differentiate this function, especially when the current
is instantaneous? Suppose the function describing the instantaneous current is the Heaviside
step function:

H : R → R+, H(x) =
{

0, x < 0,

1, x ≥ 0.
(1.1)

The function H is differentiable on (−∞, 0) and on (0, +∞), with H ′ ≡ 0 on these intervals,
but it is not differentiable at x = 0. In the 1920s–1930s, physicists represented this derivative
as an arrow of length 1 on the vertical axis, as shown in Figure 1.3.

Figure 1.3: Representation of the derivative of the Heaviside step function according to physi-
cists.

Formal Computation

If we perform a formal calculation and assume that the Dirac impulse exists as the derivative of
H, then for any function ϕ ∈ C1(R,R), we can write:∫

R
δ(x)ϕ(x) dx

formal=
∫
R

H ′(x)ϕ(x) dx
formal= −

∫
R

H(x)ϕ′(x) dx.

Evaluating the last integral:

−
∫
R

H(x)ϕ′(x) dx = −
∫ +∞

0
ϕ′(x) dx = −[ϕ(x)]+∞

0 = ϕ(0).

Thus, formally, ∫
R

δ(x)ϕ(x) dx
formal= ϕ(0).

This computation is not rigorous. It assumes the existence of an object whose existence we
have just shown to be impossible, and it applies an integration by parts formula that requires
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hypotheses H does not satisfy. But it is extremely suggestive: it tells us that whatever the
derivative of H is, its action on a test function ϕ ought to be evaluation at zero. This is
precisely the operational property that will define the Dirac distribution.

Test Functions

To formalize this idea, we must introduce a set of test functions that allow these concepts to be
made mathematically rigorous. We define:

D =
{
ϕ ∈ C∞(R,R) : ∃M ∈ R∗

+, ∀x /∈ [−M, M ], ϕ(x) = 0
}

.

This set contains functions that are infinitely differentiable and have compact support—they
vanish outside a bounded interval. For example, the function

ϕ(x) =

exp
( −1

1 − x2

)
, |x| < 1,

0, |x| ≥ 1,
(1.2)

belongs to D.

Exercise 1.2. Show that the function ϕ defined by (1.2) belongs to D.

Generalized Derivative

Let us consider a function f : R → R of class C1(R). For any test function ϕ ∈ D, integration
by parts gives:∫ +∞

−∞
f ′(x)ϕ(x) dx = [f(x)ϕ(x)]+∞

−∞ −
∫ +∞

−∞
f(x)ϕ′(x) dx = −

∫ +∞

−∞
f(x)ϕ′(x) dx.

Thus, ∫ +∞

−∞
f ′(x)ϕ(x) dx = −

∫ +∞

−∞
f(x)ϕ′(x) dx. (1.3)

This property is crucial for C1 functions because it relates the derivative of f to an integral
involving f and the derivative of ϕ. However, for functions like the Heaviside step function H,
which is not of class C1, this classical approach is not valid.

To address this issue, S. Sobolev introduced in 1936 the concept of the generalized derivative.
Let f be a piecewise continuous function. A function g : R → R is called the generalized
derivative of f if, for every test function ϕ ∈ D,∫ +∞

−∞
g(x)ϕ(x) dx = −

∫ +∞

−∞
f(x)ϕ′(x) dx. (1.4)

The goal now is to determine the generalized derivative of the Heaviside step function H,
such that the integral equals ϕ(0): ∫ +∞

−∞
δ(x)ϕ(x) dx = ϕ(0).

Unfortunately, no real function satisfies this equality for all test functions. To overcome this
difficulty, L. Schwartz introduced the concept of distributions in 1946, defining a new class of
mathematical objects.
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The Dirac Distribution

Schwartz defined a distribution as a linear and continuous operator acting on the set of test
functions D:

Tf : D → R, ϕ 7→ ⟨Tf , ϕ⟩ =
∫ +∞

−∞
f(x)ϕ(x) dx. (1.5)

Using this definition, he proved that for the Heaviside step function H, the generalized
derivative is given by:

−
∫ +∞

−∞
H(x)ϕ′(x) dx = ϕ(0),

which corresponds to the Dirac distribution δ, defined by:

⟨δ, ϕ⟩ = ϕ(0). (1.6)

Thus, the Dirac distribution is the generalized derivative of the distribution associated with
the Heaviside step function TH . This generalization provides a rigorous framework to deal with
discontinuous functions and physical phenomena such as Dirac impulses or instantaneous shocks.

Remark 1.3. The derivative of a non-differentiable function is not a function but a distribution
an object defined by its action on test functions. The formal computation

∫
δ ϕ = ϕ(0) is replaced

by the rigorous definition ⟨δ, ϕ⟩ = ϕ(0).

1.2.3 Weak Convergence

The third problem is convergence. We have seen that δ cannot be a function, but we have also
seen in the example of the unit mass compressed to a point that δ arises naturally as a limit of
genuine functions. The question is: in what sense does this limit hold?

Example: An Electric Current

Consider an electric current represented by the graph in Figure ??: it rises linearly from 0 at
x = −1/n to 1 at x = +1/n. The derivative of this current is illustrated in Figure ??: it is a
rectangular pulse of height n/2 and width 2/n.

Figure 1.4: Illustration of an electric current and its derivative .

The question arises: what happens when n → ∞? To study this convergence, consider the
sequence of functions (fn)n defined by:

fn(x) =


n

2 , |x| <
1
n

,

0, |x| ≥ 1
n

.

Our goal is to show that f∞ = δ, i.e., that the limit of this sequence is the Dirac impulse,
and that the integral of this function equals 1.
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Analysis of the Convergence

First, note that the sequence (fn(0))n does not have a real limit: fn(0) = n/2 → +∞. Hence,
(fn)n does not have a pointwise limit. Moreover, (fn)n does not converge in L1 either, since the
pointwise limit would have to be zero almost everywhere, contradicting the preservation of total
mass.

To resolve this difficulty, we use distributions. Let ϕ ∈ D be a test function. For all n ∈ N∗,
we calculate:

⟨Tfn , ϕ⟩ =
∫
R

fn(x)ϕ(x) dx = n

2

∫ 1/n

−1/n
ϕ(x) dx.

By the mean value theorem, since ϕ is continuous on [−1/n, 1/n], there exists cn ∈ (−1/n, 1/n)
such that

n

2

∫ 1/n

−1/n
ϕ(x) dx = ϕ(cn).

Thus,
⟨Tfn , ϕ⟩ = ϕ(cn).

Conclusion

Since |cn| < 1/n, the sequence (cn)n converges to 0 as n → ∞. By continuity of ϕ,

lim
n→+∞

⟨Tfn , ϕ⟩ = lim
n→+∞

ϕ(cn) = ϕ(0).

Since ⟨δ, ϕ⟩ = ϕ(0), we conclude that

lim
n→+∞

⟨Tfn , ϕ⟩ = ⟨δ, ϕ⟩,

which means that the sequence of distributions (Tfn)n converges, in the sense of distributions,
to the Dirac distribution δ.

Remark 1.4. Convergence in the sense of distributions is a weak notion: it does not require
pointwise convergence or L1 convergence, only convergence of the pairings ⟨Tfn , ϕ⟩ for every test
function ϕ. This weaker notion is precisely what is needed to give meaning to the limit of the
pulses.

1.2.4 Conclusion

We have examined three problems, and in each case we have seen the same pattern:

1. The Dirac impulse. No function can represent a unit mass concentrated at a point. The
object δ lies outside the class of functions.

2. The generalization of derivation. The Heaviside step function H is not differentiable at
0 in the classical sense, yet its derivative ought to be an impulse. The formal computation∫

H ′ϕ = ϕ(0) suggests the answer, but is not rigorous.

3. Weak convergence. The sequence of pulses fn has no pointwise limit and does not
converge in L1, yet it converges to δ in the sense of distributions.

In each case, the resolution consists in shifting attention from pointwise values to action on
test functions. The Dirac impulse is not defined by the value δ(x) which does not exist but by
the pairing ⟨δ, ϕ⟩ = ϕ(0). The derivative of H is not defined by a formula H ′(x) which does not
exist at 0 but by the pairing ⟨H ′, ϕ⟩ = −⟨H, ϕ′⟩ = ϕ(0). The limit of the pulses is not defined by
a pointwise limit which does not exist but by the convergence of the pairings ⟨Tfn , ϕ⟩ → ϕ(0).
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This is the central idea of the theory of distributions. Distributions are generalizations of
classical functions, providing a more flexible framework for dealing with generalized derivatives
and function convergence. They formalize, in a rigorous way, the calculations made by physicists
in the 1920s and 1930s, while overcoming the limitations of classical mathematics in modeling
physical phenomena.

The three problems are not independent; they are three faces of a single difficulty. The Dirac
impulse is an object that cannot be a function. The derivative of H is an operation that cannot
be performed on functions. The limit of the pulses is a convergence that cannot be captured by
functions. In each case, the remedy is the same: replace the notion of a function by the notion
of a distribution, defined as a continuous linear functional on a space of test functions. This
is the subject of the chapters that follow.

Remark 1.5 (Final remark on notation). Throughout this chapter, we have occasionally written
expressions of the form

∫
δ ϕ = ϕ(0), following the heuristic computations of physicists. As

we have emphasized, such expressions must be read as shorthand, not as integral identities.
The rigorous statement is ⟨δ, ϕ⟩ = ϕ(0), where ⟨·, ·⟩ denotes the duality bracket between a
distribution and a test function not an integral. The two coincide numerically, but they differ
fundamentally in nature. The reader should keep this distinction firmly in mind as we proceed
to the construction of the theory in the following chapters.

Transition to Chapter 2
Before we can define distributions rigorously, we must first equip ourselves with the necessary
functional-analytic tools. Distributions are continuous linear functionals on a space of test
functions; to define them, we need to understand the topology of that space, the notion of
continuity for linear functionals, and the functional spaces Ck(Ω), Lp(Ω), L1

loc(Ω) in which these
ideas are formulated. This is the purpose of Chapter 2, which reviews the functional spaces
used in the theory of distributions. With those tools in hand, we will be ready, in Chapter
3, to introduce the space D(Ω) of test functions and its topology, and in Chapter 4, to define
distributions as the continuous linear functionals on D(Ω).
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