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2" YEAR MATHEMATICS

Tutorial n°3 Solution

Solution 1 Let the function f : R? — R be defined by:
flay) =a' +y' + (- y)

1. e The first order partial derivatives are

) =15 42—y, G ) =1 = 2 - )

ox

e The second-order partial derivatives are :
2

0% f 0% f
Z — 122 +2, = = 12y% + 2 = -2
oz (t:y) = 1207 +2, o (2, y) VA2 g (2, y)
By Schwartz’s theorem (symmetry of mized partial derivatives), we deduce:
0 f 0 f
= = —-2.
aw%(fb’,y) aIay(ﬂf,y)

2. The third-Order Partial Derivatives are :
3 3
O _ 24z, 8_f = 24y.

03 oy?
Br P, O
0x20y T Oyox? " QzOydx
Pr *f _, >Ffr
OxOy? Oy20x " Qydxdy

Solution 2 Let the function g : R? — R be defined by:

3, _ 23
g(x,y) = % if (z,y) # (0,0),
0, if (z,y) = (0,0).

1. Continuity of g : at any point (x,y) # (0,0), the function g is continuous because it’s a
quotient of two polynomials. At the point (0,0), we analyse the limit as (z,y) — (0,0).

Using polar coordinates x = rcosf,y = rsinf, we have:

3 a3 O qi 3 i3
r° cos” 0 sin @ — r° sin” 0 cos 0 ) )
= r%(cos® fsin 6 — sin® 0 cos ).

g(rcosf,rsinf) = =

Asr— 0, g(rcosf,rsinf) — 0.

Therefore:
lim x,y) =0=¢g(0,0).
o 9(.y) 9(0,0)

Conclusion: g is continuous on R?.



2. Compute Vg(z,y)
For (z,y) # (0,0), we have :

dg B
%(I,y) -

(3z%y — y*)(2® + ) — 2z(2%y — yx)
(172 + y2>2 ’

and

(z® = 3zy?)(2? + y?) — 2y(a3y — yx)

oy ") = (a2 +12)2

At (0,0), using the definition, we obtain :

dg .
550 0) = lim =—

g(h,0) =0 g, .

h) —
9(0.) =0 _

Then p 4 2.2 4
y(a' —4o%y® —y?)
(22 + 42)?

\ z—0 €T

if (x,y) # (0,0),

=0 Zf <m7y) = (0,0),
¢ :L“(a:4 _ 4$2y2 . y4)
(l’2 +y2)2
i 9(0:9) — 9(0,0)

\ y—0 y

if (x,y) # (0,0),

=0 i (z,y) = (0,0).
3. For any (x,y) # (0,0), g admits all his second-order partial derivatives by direct computation

(derivative of a fraction). At (0,0), since first-order partial derivatives exist, we check
second-order partial derivatives using limits :

dzy(a? — 3y%)

if (x,y) # (0,0),

529 B (x2+y2)3
@(l’,y) - dg dg
. %(x,O)—%(0,0) _ . _
lim =0 Zf (l’,y) - (070)7
x—0 X
2% + 9xty? — 9x%y* — o8
. 7 070 Y
v, eE i (2,0) # 0,0)
Owdy ™ y %(x,0) — %£(0,0) -
lim - =1 if(z,y) = (0,0),
(.6 4,2 2,4 _ .6
x° + 927y — 9zy” —y .
) 070 Y
v, em i (,0) # (0,0)
Oyox"" 7 29(0,y) — 22(0,0
’ i 200 =500 o) = 0.0,
Lv—=0 Y
( 423y (32? — y?)
] 0,0
52\ Y) = 8 B
0y? 29(0,y) — $2(0,0
lim 2,09~ 5,00 _ 0 if (z,y) = (0,0).
L y—0 Y
4. Since aa%agy(0,0) ;yzgr((],()), Shwarz theorem allows us to conclude that the mized second-

order partial derivatives are not continuous at the point (0,0).



Solution 3 Let f: R?2 — R be a function of class C? with respect to its two variables x and v.

1) Setu=x—y andv =x+y. First, let’s determine the expressions of x and y in terms of

u and v. We have v = utv and y = v;u} S0
Ox Ox
(3 =1/2 and 8—%—1/2
az =—1/2 and == 5 1/2 and we have:
0 0 0 0 0
S, = S (ol ).y, 0) x 57w 0) + 5 (ol pla,0) ¢ (w0,
0 0 0 0
St = S ol 0.y, 0) x 5w 0) + 5 oty ) S o),
thus
0 10 10
S0 = 55 o)) = 5 5 (ol 0) p0,0)) (o),
0 10 10
2 u,0) = 5 2 o)y, 0) 4 2 (ot 0), 0 0) ()

(%) + (xx) gives:

O (o), (. 0) = ) + Py (),
and (xx)(x) gives:
of _of of
8—y(x(u,v),y(u, U)) %(uv ) - %(u7v) (B)’
now let’s derivate (A) with respect to x:
St = 2 (8) wlwo) v o) = 2 (S + L)
- (%(u, v) + %(u,v)) %(u, v) + (%(u, v) + %(u,v}) %(u,v)
_ 0% o*f o°f
=5 2( )+2auav(u,v)+w(u,v).

Similarly, derivate (B) with respect to y we get:
o (o 0 (05,
2wt aw) = o (5 o ytuo) = 5 (Fwn - )

_ (%(u,v) _ %(u,v)) %(u,v) _ (%(u,v) _ a%(u,u)> %(u,’u)

Finally, we have

%(x(u, v),y(u,v)) — g—yj;(x(u,v),y(u, v)) = 4%(1@,@).



2) Now consider the polar coordinates v and 6 where v = rcosf and y = rsinf. Let’s start
with the first derivatives:
of

of ofox Ofdy of
or  dzor  oyor —5, (41
or  OxOr * dy or eax —l—sm@ay (4.1)

of _ofor ooy of | of

00 Oz 00 + 3y 90 08% +Tcos€ay .(4.2).

sin 0

Multiplying (4.1) by cos® and (4.2) by

and adding the two results, we get:

of _ g sinf 0f
or Vo T Ty 00

~(4.3),

cos

on the other hand, multiplying (4.1) by sin @ and (4.2) by

equations, we obtain:

and then adding the resulting

g ea_f cos 3f
dy or r 00

Now, let’s derivate both sides of (4.3) with respect to x:
*f 0 (8f) ( 0 sinf 8) (8f>
—=—|=)=|cosl— — — | =
0x?  Or \Or or r 060 ox
cos@— (g) sing 9 (g)
or \ Oz r 00 \ox
—cos@g (co eaf sm@%)_sm@g (cos g_&nﬁﬁ)
or or r 00 r 00 or r 00
0’f sin?00%f sin20 0*°f  sin?00f sin200f
:C08298r2+ 2 002 (’37"89+ r E—{— r2 00
We do the same for (4.4), but derivate with respect to y:

0*f <8f) ( 98 cos 6 6) (8]”)
8_yz 8y oy ) S 5 r 00 0_y

—sm@— a—f +COS€2 g

or \ 0y r 00 \ Jy

B of cos6Of cos 0 (. Of cosBOf
Smga (Smgar+ r ae)+ " o0 (Smgar+ r ae)
32f+cos 082f+sin20 0*f +00529g_sin208f

or? r2  00? r  Orof r  or r2 00"

-(4.4).

= gin% 6

0? 0?
The operator (called the Laplace operator) A = 8_£ + W can be written in terms of the
x
partial derivatives of f with respect to r and 6 as follows:

0°f O _ 0 10f 10

A= = )
ox?  Oy*> Or2  ror r?200?

We can use also this method which is simpler than the previous one :
Laplacian in polar coordinates

Let f be C? over R? and taking
u= f(z,y) =a(r,0), r=+/22+y% 6=arctan (Q) ,
x

4



we have f(z,y) = f(r cos @, rsinf), where

f(z,y) = f(rcos®,rsinb).

The first partial derivatives of f are expressed by the following:
9 _ord 009

9z 0z0r 9w 00 (1)
9 _ oo 00 o)
dy Oyor 0Oyob’
But:
r=+/2%2+y? 0= arctan (%) ,
SO.
o ___x oy
Or  \fa2+y2 Oy \fa2+y?
and:
9 _ _~y 00w
or  a24+y? Oy  a?+y?
Thus:
of _x0f of(_y
3x_rar+89( 7’2>’ (3)
of _yof ofx
dy ror o0t @)

Also, the second derivatives of f are given by derivation of (3) and (4) with respect to x and

y respectively.
Of _ 0 (0F\_ 0 zﬁ+<_£>%
0z Oz \ox) Ox \ror r2/ 00

0 (x\ 0 0 (0 0 0 0 (0
25;@>§+§£(%)*aﬂi@5§+0%%%<£)

But
9 x _ o y N\ 2y
O \ /o2 +y? ) (@422 Ox\ a2+y?) (a4 y2)?
O (Of\_ 0 (Of\Oor 0 (0f\00 _xdf y O°f
ox r)  Or r ) Odr 00 r x  ror2  r2ordl’
O (N _= O yOf
Oxr \ 90 ) rordd r2062
Thus

Of _yrof xt0f 2wy O°f  2uydf  yr0%f 5)
oxr2 3 or 12 or? r3 Orod rd 00  rt 002

Of _ 9 (0f\_ 9 (yof  x0f
oy2 Oy \oy) Oy\ror 1200)’

5




of of of of
Oy ( ) or +ray (87’) +(9y( ) 00 7‘283/ (39)
_$_28_f y_282f 2xy O*f _ 2xyof 282_f
3 0r 12 0r2 B Ordd 1t 90 ' rt 062
Similarly, for giy{, we can obtain:
0 (05 _ 0 (ydf wof
0y? 8 3y oy \ror  r2o
of y o [(0f x 0 f
ay<>8r+ray(ar)+3y( r2 dy (3)
_SOp O ey B dny0f | 20
o3 0r  r20r2 3 0rof vt 00 riop?’
We get:
Py P 20000 #1a w0 o
oy or2r2  rorr: 0021t 300’
The sum of (5) and (6) leads to:
_ Pflay)  Pf(z,y)
Af(f[‘, y) - 81’2 + ayg
L Of (2 P of (22?242 O*f (y?  a? of 2
—Eﬂﬁ+—)ﬁﬁﬁﬁ+nﬂ+@ﬂﬁ+ )W%C_+F)
Thus, we finally get:
O 10f 1 0%f
Ay =53 o T ae

Solution 4 We consider the function: f(x,y) = sin(z + y), to write it’s second-order Taylor
expansion at the point (xg,y0) = (O, g), we compute all it’s partial derivatives of the first and

second-order at this point :

. V2 of

f(oa_)_SHlZ 77 ax(
*f T V2
gz ) = sy =

o = P s 2 (- 1) Y2 [

Solution 5 Let g(z,y) =

) T_ V2 8f( ) V2
1T 2 oy 2

Ff V2 o Of V2

8_3/2(071) 5 8_a:y(0’_) =5

#(r=5) w2 (- 5) [ - DDl e -

(x —siny) In(1 + 2z + 3y).



1. We use the Taylor expansions:

3 u2

siny =y — = +o(y"), I(l+u)=u— T +eu?),
where uw = 2x + 3y. Thus:
3 3
r—siny =x — (y—%) zx—y+%+€(y3),
and
(22 + 3y)?

In(1+ 22 + 3y) = 2z + 3y — +e(z®, 2y, 7).

2
Multiplying (keeping only terms up to second order):
(z —y) (22 + 3y) = 22° + 3zy — 2wy — 3y* = 22° + 2y — 3y°,

and
1

—5 (@ —y)(2r +3y)’
contributes only cubic or higher terms, so we ignore it.

Therefore, the second-order expansion is:
g(w,y) = 22% + 2y — 3y° + || (z, y) |3e(x, y).

2. From the general second-order Taylor formula:

dg
Jy

2

2 02 10°%g
(0, 00+ (0, 0)y+5 25 (0, 05+ (2, 1) el ),

dg 1 0%g
2(0.0)zt 5] 2022 o 23y

- (0, 0)y+

9(z,y) = g(0,0)+-=
we match:

so, there is mo term involving x or y, we can deduce that %(O, 0) =0, and g—Z(O, 0) =0,
also, we have

10%g 0?g
207 = 2(%2(0 0)=2 = o 2(0 0) = 4,
82g
Ty —> axy(o ,0)=1,
1 2 2
-3y = 527(0 0)=-3 = 22(0 0) = —6.
1
Solution 6 Let f(x,y) = % be a function defined on D = {(z,y) e R?*: 0 £ 1+ — y}

1) The Taylor expansion of the function 1/(1+ u) of the order 2 is given by :

1
1+4+u

=1—u+u®+ (u)e(u,)

If we take t = (x —y), so m =1—(z—y)+(x—y)*+ (z —y)’e(zx — y); so we have :

flay)=0+z+y)1—(z—y)+ (z—y)’+ (z —y)’e(z — y)]
=1+ 2y — 22y + 2> + (2* + °)e(, )



2) By matching with theoretical formula, we get :

of of
oz oy

o0 f
" o2

0% f
0xdy

(0,0) = 0, =-(0,0) = 2, =—=(0,0) = 0, —=—(0, 0) = 2;];(0 0) = 4.

Solution 7 1) The function f is of class C* on D/{(z,y) € R* : 3z —y = 0}, and for all
(x,y) € D such that 3x —y # 0, we have:

Lo = ye Lo -5
o YV T o By oy Y T ooy

0 f of B 3 _O*f
m(gj’y) oz (8y) (z.y) = 43z —y)\/Br —y  Oydx

(this is due to Schwarz’s theorem since f is of class C*),

(z,y),

a9 Fr, -
02 Y = 13 vy 02 Y T 1B vy

2) The first-order Taylor expansion of f near the point (1,2):

Fa) = 10,2 + - DF 02+ r-DF 12 4= 1. -2 - 1. - 2)

with
(wyyl)lg%m)d(x —1),(y—2)) =0,
thus
flo,y) =1+ g(:v —-1)— %(y — )+ ||((x = 1), (y = 2)|| e((z — 1), (y — 2)).

3) The second-order Taylor expansion of f near the point (1,2) is written as:

Fly) = FOL2) + (@ = DI (1,2) + (- 2>§—§<1,2>
+% ((x —1)? e ];(1 2) + (y — 2) 3y ‘é(l 2)+2(x—1)(y — 2)515;(1,2))
(=1, (= 2) el — 1), (s - 2),
with
i (a1, - 2) =0,
thus
Fle) =14 S —1) = 5y —2) — Ho — 1)~ (s —2)

+ 2(56 — Dy =2+ Iz = 1), (y = 2) [l e((z = 1), (y — 2)).

4) By definition, the differential of [ exists at the point (2,2) if

0 0
. f(2+h,2—|—k)—f( ) h- a—f(Q 2) k- 8_]];(2 2)
i NCERE =0,

8



5)

6)

we have:

of 3 9f,

f@+h2+k)=VI=3h—Fk f22)=2 S9(22)=7

so the above limit becomes:

. Vi=3h—k—2-3 4%
(A ) 0 Vh? + k2 ’

multiplying by the conjugate /4 — 3h — k+ (2 + % — %) (then passing to polar coordinates),
we obtain:

9h? 3
—1—6——+ hk

=0,
(h Do (VA=3h—k+ (242 - 5)Vh2 + k2

therefore f is totally differentiable at the point (2, 2) and it’s differential is giving by :

., of of
Dfo2(h, k) =h- o —(2,2) + k- By (2,2).
The equation of the tangent plane at the point (2,2) is
_ of Of 9 9y 91 3(p—9y_ L
~fe+e-9Zey+w-0Zen 24 de-n-Ju-2.

From question 5) and since (2.01,1.99) is in the neighbourhood of (2,2), we deduce that the
approzimate value of f(2.01,1.99) is:

3 1
f(2.01,1.99) = 24 2(2.01 — 2) — £(1.99 - 2) ~ 2.01.

The exact value obtained directly from the expression of f is f(2.01,1.99) = v/4.2.01 — 1.99 =
2.009975, so the difference between the approximate and exact values is nearly zero (2.01 —
2.009975 = 25 x 1079).



