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Chapter 1

Fractional integrals and derivatives

1.1 Riemann-Liouville fractional integral

Definition 1.1. Let x : R+→ R, be a piecewise continuous function
on (0,∞) and integrable over any finite interval of R+, the left frac-
tional Riemann-Liouville integral of order 0 < α < 1 is defined by

Jα
a+x(t) :=

1
Γ(α)

∫ t

a

x(τ)
(t− τ)1−α

dτ, t > 0, (1.1)

Γ is the Euler gamma function.

Equation (1.1) reads as

Jα
a+x(t) = (φα ? x)(t), (1.2)

with

φα :=

{
tα−1/Γ(α), t > a,

0 t ≤ a.
(1.3)

We remark that

Jα
a+x(t) :=

1
Γ(α)

∫ t

a
τ

α−1x(t− τ)dτ, t > 0.

Definition 1.2. Let x : R+→ R, be a piecewise continuous function
on (0,∞) and integrable over any finite interval of R+, the right
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6 CHAPTER 1. FRACTIONAL INTEGRALS AND DERIVATIVES

fractional Riemann-Liouville integral of order 0 < α < 1 is defined
as

Jα
b−x(t) :=

1
Γ(α)

∫ b

t

x(τ)
(t− τ)1−α

dτ, t > 0.

For a = 0 we write Jα instead of Jα
0+.

Definition 1.3. Let x be a function with two variables s and t, then
the double fractional integral of the function x of order α and β is
defined by

Jα
a

[
Jβ

c x(s, t)
]
=

1
Γ(α)Γ(β )

∫ s

a

∫ t

c
(s−τ)(α−1)(t−ς)(β−1)x(τ,ς)dτdς ,

where Re(α)> 0, Re(β )> 0 and Γ is the Euler gamma function.

Examples 1.1. 1. Letting

x(s) = eas for some constant a.

Hence
Jαeat =

1
Γ(α)

∫ t

0
(t−ξ )(α−1)eaξ dξ .

Let s = t−ξ , we get

Jαeat =
eat

Γ(α)

∫ t

0
s(α−1)e−asds.

Let us consider the following function, with Re(α)> 0,

γ
∗(α, t) =

1
Γ(α)tα

∫ t

0
ξ
(α−1)e−ξ dξ .

Thus,
Jαeat = tαeat

γ
∗(α,at) = Et(α,a).

2. Let us consider the Fresnel integrals

Ct(α,a) =
1

Γ(α)

∫ t

0
y(α−1) cos[a(t− y)]dy, Re(α)> 0,

St(α,a) =
1

Γ(α)

∫ t

0
y(α−1) sin[a(t− y)]dy, Re(α)> 0,

C(s) =
∫ s

0
cos(t2)dt, S(x) =

∫ s

0
sin(t2)dt,
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so that

Jα cos(at) =
1

Γ(α)

∫ t

0
ξ
(α−1) cos[a(t−ξ )]dξ , Re(α)> 0,

Jα sin(at) =
1

Γ(α)

∫ t

0
ξ
(α−1) sin[a(t−ξ )]dξ , Re(α)> 0,

and therefore

Jαeat = Et(α,a),
Jα cos(at) =Ct(α,a),
Jα sin(at) = St(α,a).

In particular α =
1
2
,

J
1
2 eat = Et(

1
2
,a)

= a−
1
2 eatEr f (at)

1
2 .

J
1
2 cos(at) = Ct(

1
2
,a)

=

√
2
a
[(cosat)C(s)+(sinat)S(s)] .

J
1
2 sin(at) = St(

1
2
,a)

=

√
2
a
[(sinat)C(s)+(cosat)S(s)] , with s =

√
2at
π

3. Following the formula

cos2θ = 2cos2
θ −1 = 1−2sin2

θ ,

we obtain

Jα
x cos2 at =

tα

2Γ(α +1)
+

1
2

Ct(α,2a),

Jα
x sin2 at =

tα

2Γ(α +1)
− 1

2
St(α,2a).
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4. Let x(t) = ln t,

Jα ln t =
1

Γ(α)

∫ t

0
(t−ξ )(α−1) lns ds, α > 0,

Letting ξ = ts, we get

Jα ln t =
tα

Γ(α +1)
ln t +

tα

Γ(α)

∫ 1

0
(1− s)(α−1) lns ds.

Exercise 1.1. 1. Calculate the fractional integral Jα of the func-
tion x(s) = sρ , for ρ >−1 and Reρ > 0.

2. Deduce J
1
2 (1+ s+ s2).

Exercise 1.2. 1. Calculate the fractional integral Jα
a of the func-

tion x(s) = (s−a)ρ−1, for Reρ > 0.

2. Calculate the fractional integral Jα
b of the function y(s) = (b−

s)ρ−1, for Reρ > 0.

1.2 Dirichlet’s formula

Let F be a continous function and λ , µ, ν ∈ R+ . Hence∫ t

a
(t− s)(µ−1)ds

∫ s

a
(y−a)(λ−1)(s− y)(ν−1)F(s,y)dy

=
∫ t

a
(y−a)(λ−1)dy

∫ t

y
(t− s)(µ−1)(s− y)(ν−1)F(s,y)ds.

Exercise 1.3. 1. Prove that∫ t

0
(t− s)(µ−1)g(s)ds

∫ s

0
(s− y)(ν−1) f (y)dy

=
∫ t

0
f (y)dy

∫ t

y
(t− s)(µ−1)(s− y)(ν−1)g(s)ds.
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2. Prove that ∫ t

0
(t− s)(µ−1)ds

∫ s

0
(s− y)(ν−1) f (y)dy

= B(µ,ν)
∫ t

0
(t− y)(µ+ν−1) f (y)dy,

Exercise 1.4. Prove that∫ s

a
ds1

∫ s1

a
ds2

∫ s2

a
f (t)dt = J3 f (s).

Exercise 1.5. Let us consider the following problem{
y(n)(s) = f (s), a≤ s≤ b,
y(a) = y′(a) = . . .= y(n−1)(a) = 0.

Prove that the solution of this problem is given by

F(s) =
1

(n−1)!

∫ s

a
(s− t)n−1 f (t)dt, a≤ s≤ b.

Exercise 1.6. Prove that∫ t

0
(t− τ)vα−ve−(vt−vτ)dτ ≤ 1

vvα−v+1 Γ(va− v+1).

Exercise 1.7. Prove that

Jα− j
0 eδ t ≤ δ

−α+ jeδ t
δ > 0.

Exercise 1.8. Let f be a continuous function on J = [0,∞[ and µ,ν >
0. Prove that ∀t > 0

Jµ [Jν f (t)] = Jµ+ν f (t) = Jν [Jµ f (t)] .

1.3 Leibniz integral rule

We present the following Leibniz integral rule

d
dt

[∫ b(t)

a
f (t,s)ds

]
= f (t,b(t))b′(t)− f (t,a(t))a′(t)+

∫ b(t)

0

∂

∂ t
f (t,s)ds,

We use this rule to prove the derivative theorem of the Riemann-
Liouville integral.
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Theorem 1.1. Let f be a continuous function on J = [0,∞[ and D f
is continuous, with ν > 0, so that

∀t > 0, D[Jν f (t)] = Jν [D f (t)]+
f (0)
Γ(ν)

t(ν−1).

Proof. We have

Jν f (t) =
1

Γ(ν)

∫ t

0
(t− z)(ν−1) f (z)dz,

Letting z = t− sλ , λ =
1
ν

, we get

Jν f (t) =
1

Γ(ν)

∫ 0

tν

(sλ )(ν−1) f (t− sλ )(−λ s(λ−1))ds

=
1

Γ(ν +1)

∫ tν

0
f (t− sλ )ds,

by the Leibniz integral rule, we get

D[Jν f (t)] =
1

Γ(ν +1)

[
f (0)νt(ν−1)+

∫ tν

0

∂

∂ t
f (t− sλ )ds

]
,

again letting t− sλ = z, we obtain

D[Jν f (t)] =
f (0)

νΓ(ν)
νt(ν−1)+

1
νΓ(ν)

∫ 0

t

∂

∂ t
f (z)(

−1
λ

s(1−λ ))dz.

Finally, for λ =
1
ν

and s = (t− z)
1
ν we get

D [Jν f (t)] =
f (0)
Γ(ν)

t(ν−1)+
1

Γ(ν)

∫ t

0
(t− z)(ν−1) ∂

∂ t
f (z)dz

= Jν [D f (t)]+
f (0)
Γ(ν)

t(ν−1).
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1.4 Fractional Legendre polynomials

The fractional Legendre polynomials (FLP) FLϑ
n (.), are particular

solutions of the following singular Strum-Liouville problem:((
x− x1+ϑ

)
FL′ϑn (x)

)′
+ϑ

2n(n+1)xϑ−1FLϑ
n (x) = 0, ϑ > 0.

The Fractional Legendre polynomials (FLP) {FLϑ
n (x)}∞

n=0 are or-
thogonal with respect to the weight function wϑ (x) = xϑ−1 over the
interval [0,1].

Let δmn the Kronecker’s symbol. Indeed,∫ 1

0
FLϑ

m(x)FLϑ
n (x)w

ϑ (x)dx =
1

(2n+1)ϑ
δmn.

For all n > 1, we can establish the relationship

(n+1)FLϑ
n+1(x) = (2n+1)(2xϑ−1)FLϑ

n (x)−nFLϑ
n−1(x), n∈N,

with
FLϑ

0 (x) = 1,

and
FLϑ

1 (x) = 2xϑ −1.

The analytical form of FLϑ
n (x) of degree nϑ is given by:

FLϑ
n (x) =

n

∑
i=0

bni xiϑ , , n = 0, 1, 2, . . . ,

with

bni =
(−1)n+i(n+ i)!
(n− i)!(i!)2 . (1.4)

We can develop any function u(.) defined on the interval [0,1] as
follows

u(x) =
∞

∑
n=0

cnFLϑ
n (x),
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where the coefficients cn are as follows:

cn = (2n+1)ϑ
∫ 1

0
u(x)FLϑ

n (x)w
ϑ (x)dx.

1.5 Fractional derivation

Definition 1.4. The fractional Riemann-Liouville derivation of or-
der 0 < al pha < 1 for a continuous function f is defined by

Dα
0+ f (t) :=

d
dt

J1−α

0+ f (t) =
1

Γ(1−α)

d
dt

∫ t

0

f (τ)
(t− τ)α

dτ.

Note that Riemann-Liouville fractional derivative of a constant is
non-zero.

For 0 < α < 1, we have

Jα
0+Dα

0+

(
f (t)− f (0)

)
= f (t)− f (0).

Definition 1.5. Let ν ∈ R+, n = [ν ] + 1. The Caputo fractional
derivative of order ν for a continous function f is defined by

Dν
∗a f (t) = Jn−ν

t,a Dn f (t)

=
1

Γ(n−ν)

∫ t

a
(t− τ)(n−ν−1)

(
∂

∂τ

)n

f (τ) dτ, a≤ t ≤ b.
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1.6 Solution of exercises

Solution 1.1. 1. We have

Jαsρ =
1

Γ(α)

∫ s

0
(s− t)(α−1)tρdt

=
1

Γ(α)

∫ s

0
(1− t

s
)(α−1)tρs(α−1)dt

=
1

Γ(α)

∫ 1

0
(1−u)(α−1)x(α−1)(su)ρdu, (u =

t
s
)

=
1

Γ(α)
s(ρ+α)

∫ 1

0
uρ(1−u)(α−1)du

=
1

Γ(α)
s(ρ+α)B(ρ +1,α)

=
Γ(ρ +1)

Γ(ρ +α +1)
s(ρ+α).

2. For α =
1
2

, we get

J
1
2 s0 =

Γ(1)
Γ(3

2)
s

1
2 = 2

√
s
π
,

J
1
2 s1 =

Γ(2)
Γ(5

2)
s

3
2 =

4
3

√
s3

π
,

J
1
2 s2 =

Γ(3)
Γ(7

2)
s

5
2 =

16
15

√
s5

π
.

J
1
2 (1+ s+ s2) = 2

√
s
π
+

4
3

√
s3

π
+

16
15

√
s5

π
.
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Solution 1.2. 1. We have

Jα
a x(s) =

1
Γ(α)

∫ s

a
(s− t)(α−1)(t−a)ρ−1dt

=
Γ(ρ)

Γ(α +ρ)
(s−a)α+ρ−1, posons u =

t−a
s−a

.

2. We have

Jα
b y(s) =

1
Γ(α)

∫ b

s
(s− t)(α−1)(b− t)ρ−1dt

=
Γ(ρ)

Γ(α +ρ)
(b− s)α+ρ−1.

Solution 1.3. 1. For a= 0, λ = 1, et F(s,y) = g(s) f (y) we obtain∫ t

0
(t− s)(µ−1)g(s)ds

∫ s

0
(s− y)(ν−1) f (y)dy

=
∫ t

0
f (y)dy

∫ t

y
(t− s)(µ−1)(s− y)(ν−1)g(s)ds.

2. We prove that∫ t

0
(t−s)(µ−1)ds

∫ s

0
(s−y)(ν−1) f (y)dy=B(µ,ν)

∫ t

0
(t−y)(µ+ν−1) f (y)dy.

Under the change of variables, z = t−x
t−y ,∫ t

0
(t− s)(µ−1)ds

∫ s

0
(s− y)(ν−1) f (y)dy

=
∫ t

0
f (y)dy

∫ 1

0
zµ−1(1− z)µ−1(t− y)µ+ν−1 f (y)dy

= B(µ,ν)
∫ t

0
(t− y)µ+ν−1 f (y)dy.
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Solution 1.4. We have

J3 f (s) =
∫ s

a
ds1

∫ s1

a
ds2

∫ s2

a
f (t)dt

=
∫ s

a
ds1

[∫ s1

a
ds2

∫ s2

a
f (t)dt

]
=

∫ s

a
ds1

[∫ s1

a
(s1− t) f (t)dt

]
=

∫ s

a
f (t)dt

∫ s

t
(s1− t)ds1

=
∫ s

a

(s− t)2

2!
f (t)dt.

Solution 1.5. By the Dirichlet’s formula n times, we obtain the fol-
lowing Cauchy formula of the integral of the function f

F(s) =
1

(n−1)!

∫ s

a
(s− t)n−1 f (t)dt, a≤ s≤ b.

In fact, by indication.
For n = 2, following Dirichlet’s formula:∫ b

a
ds
∫ s

a
f (s,y)dy =

∫ b

a
dy
∫ b

y
f (s,y)ds,

we obtain ∫ s

a
ds1

∫ s1

a
f (t)dt =

∫ s

a
f (t)dt

∫ s

t
ds1

=
∫ s

a
(s− t) f (t)dt.

We assume that

Jn f (s) =
∫ s

a

(s− t)(n−1)

(n−1)!
f (t)dt.
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We have

Jn+1 f (s) =
∫ y

a
ds
∫ s

a

(s− t)(n−1)

(n−1)!
f (t)dt

=
∫ y

a
f (t)dt

∫ y

t

(s− t)(n−1)

(n−1)!
ds

=
∫ y

a
f (t)dt

[
(s− t)(n)

n(n−1)!

]s=y

s=t

=
∫ y

a

(y− t)n

n!
f (t)dt.

Solution 1.6. We have∫ t

0
(t− τ)vα−ve−(vt−vτ)dτ =

∫ t

0
svα−ve−svds

=
1
v

∫ tv

0
uvα−ve−udu

≤ 1
vvα−v+1

∫ +∞

0
uvα−ve−udu

=
1

vvα−v+1 Γ(va− v+1),

with s = t− τ , u = sv.

Solution 1.7.

Jα− j
0 eδ t =

1
Γ(α− j)

∫ t

0
(t− τ)α− j−1eδτdτ

=
1

Γ(α− j)
eδ t
∫ t

0
(t− τ)α− j−1eδ (τ−t)dτ

=
1

Γ(α− j)
eδ t
∫ t

0
sα− j−1e−sδ ds

=
1

Γ(α− j)
eδ t 1

δ α

∫
δ t

0
uα− j−1e−udu

≤ 1
Γ(α− j)

δ
−α+ jeδ t

∫ +∞

0
uα− j−1e−udu

≤ δ
−α+ jeδ t ,
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with s = t− τ , u = δ s.

Solution 1.8. We have

Jµ [Jν f (t)] =
1

Γ(µ)

∫ t

0
(t− s)(µ−1) [Jν f (t)]ds

=
1

Γ(µ)

∫ t

0
(t− s)(µ−1)

[
1

Γ(ν)

∫ s

0
(s− y)(ν−1) f (y)dy

]
ds

=
1

Γ(µ)Γ(ν)

∫ t

0
(t− s)(µ−1)ds

∫ s

0
(s− y)(ν−1) f (y)dy

=
1

Γ(µ +ν)

∫ t

0
(t− s)(µ+ν−1) f (y)dy (Dirichlet’s formula)

= Jµ+ν f (t).


