
M
en

no
un

iFractional Analysis
(Lessons and Exercises with Solutions)

Master 2, PDEs & Applications

Professor Abdelaziz Mennouni, Department of Mathematics,
University of Batna 2, Algeria, E-mail: a.mennouni@univ-batna2.dz

February 13, 2021



M
en

no
un

i

2



M
en

no
un

i
Contents

1 Special functions 5
1.1 Gamma function . . . . . . . . . . . . . . . . . . . 5
1.2 Volume of n-dimensional sphere via Gamma function 10
1.3 Incomplete Gamma functions . . . . . . . . . . . . . 14
1.4 Beta function . . . . . . . . . . . . . . . . . . . . . 16
1.5 Mittag-Leffler function . . . . . . . . . . . . . . . . 17
1.6 Mellin-Ross function . . . . . . . . . . . . . . . . . 21
1.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . 22

Bibliography 27

3



M
en

no
un

i

4 CONTENTS



M
en

no
un

i
Chapter 1

Special functions

1.1 Gamma function

The Gamma function is a special function defined by Leonhard Eu-
ler (1707-1783), its objective is to extend the factorial function to the
set of complex numbers. Several mathematicians have given partic-
ular importance to this function, namely, Adrien-Marie Legendre
(1752-1833), Carl Friedrich Gauss...

Definition 1.1. Euler’s infinite limit(Euler, 1729 and Gauss, 1811)
Letting

Γn(s) :=
1.2.3 . . .n

s(s+1)(s+2) . . .(s+n)
ns, s 6= 0, −1, −2, . . .

The Gamma function is defined by limit as follows

Γ(s) = lim
n→∞

Γn(s).

Examples 1.1. 1. We have Γ(1) = 1. In fact,

Γn(1) =
1.2.3 . . .n

1.2.3 . . .n(n+1)
n

=
n

n+1
.

5
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6 CHAPTER 1. SPECIAL FUNCTIONS

This implies that

Γ(1) = lim
n→∞

n
n+1

= 1.

2. Note that since

Γn

(
16
3

)
=

1.2.3 . . .n
(16

3 )(
16
3 +1) . . .(16

3 +n)
n

16
3 ,

Γn

(
10
3

)
=

1.2.3 . . .n
(10

3 )(
10
3 +1) . . .(10

3 +n)
n

10
3 ,

we have

Γn
(16

3

)
Γn
(10

3

) = lim
n→∞

(10
3

)(10
3 +1

)(10
3 +1+n

)(10
3 +2+n

)
= lim

n→∞

130
9 n2

n2 =
130
9

.

3. 0! = 1.
Since Γ(1) = 0! and since Γ(1) = 1 we obtain 0! = 1.

Definition 1.2. Weierstrass’s infinite product

1
Γ(x)

= xeγx
+∞

∏
n=1

(1+
x
n
)e−

x
n .

Lemma 1.1 (Stirling’s Formula). For z ∈ C, |arg(z)| ≤ δ < π and
|z| → ∞, we have

1
Γ(z)

=
1√
2π

ezz−z+1/2
(

1+O
(

z−1
))

,

that is
Γ (z)∼

√
2πe−zzz−1

2 .
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1.1. GAMMA FUNCTION 7

Lemma 1.2. For z ∈ C, |z| → ∞, we have

1
Γ(z)

=


ezz−z+1/2
√

2π

(
1+O

(
z−1
))

, if Re(z)> 1,√
2
π

ez−1(1− z)−z+1/2 sin(πz)
(

1+O
(

z−1
))

, if 0 < Re(z)< 1.

Definition 1.3. (Euler’s integral)(Euler, 1730)

Γ(x) =
∫

∞

0
e−ttx−1dt, Re(x)> 0. (1.1)

Remark 1.1. For the divergence’s raisons of the integral, the defi-
nition of the Gamma function by the above integral formula is not
applicable for negative values.

Example 1.1.

Γ(1) =
∫

∞

0
e−tdt =

[
−e−t]∞

0 = 1.

Theorem 1.1. 1. The Gamma function(1.1) is defined, continuous
on ]0,+∞[.

2. Moreover, Γ ∈C∞ and

∀k ∈ N, ∀x > 0, Γ
(k)(x) =

∫ +∞

0
(ln t)ke−ttx−1dt.

Proof.

1. (a) Let us consider the function f

f : R×R∗+ 7→ R, (x, t) 7→ e−tt(x−1), for all x ∈ R.

Define the function fx as follows

fx : R∗+ 7→ R, t 7→ f (t,x).



M
en

no
un

i
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We note the fx est continuous, positive on ]0,+∞[ there-
fore, it is locally integrable.
In the neighborhood of zero:

e−tt(x−1) ∼ t(x−1).

The function fx is integrable for all t ∈ ]0,1[ , if and only
if, x ∈ ]0,+∞[ .
In the neighborhood of infinity:

e−tt(x−1) ∼ o(
1
t2 ),

hence fx is integrable on ]1,+∞[.

(b) Continuity of function Γ:
Following the theorem of continuity under integral sign,
we have

i. x 7→ e−ttx−1 is continuous on ]0,+∞[ .
ii. Let a,b ∈ R∗, 0 < a < b <+∞ :

For all 0 < t < 1, the function x 7→ t(x−1) is decreasing
on [a,b], so that

∀x ∈ [a,b] : 0 < f (t,x)< t(a−1).

For all t ≥ 1 we have x 7→ t(x−1) is increasing on [a,b],
hence

0 < f (t,x)< e−tt(b−1),

and hence

ϕ :]0,+∞[7→R, t 7→ϕ(t)=
{

t(a−1), t ∈]0,1],
e−tt(b−1) t ∈ [1,+∞[

is positive, continuous, integrable on ]0,+∞[ and

∀(x, t) ∈ [a,b]×]0,+∞[, 0 < f (t,x)< ϕ(t),

Thus, Γ is continuous on ]0,+∞[.
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2 For k = 1
By the theorem of differentiation under the integral sign.

(a)

∂

∂x
(e−tt(x−1)) = e−t ∂

∂x
tx−1

= e−t ln(t)t(x−1).

(b)

|e−t ln(t)t(x−1)| ≤

{
| ln(t)|t(a−1), 0 < t < 1,
|t(b−1)e−t ln(t)|, 1 < t <+∞.

|e−t ln(t)t(x−1)| = [− ln(t)e−tt(x−1)]t∈]0,1[+[ln(t)e−tt(x−1)]t∈[1,+∞[

≤ [− ln(t)t(a−1)]t∈]0,1[+[ln(t)e−tt(b−1)]t∈[1,+∞[,

so that ϕ integrable on ]0,+∞[, moreover,

Γ
′(t) =

∫
∞

0
ln te−ttx−1dt.

By induction using the same process we get

Γ
(k)(x) =

∫
∞

0
ln(t)ke−tt(x−1)dt.

Remark 1.2. We can use the following formula to define Γ(x) for
non-integer negative values

Γ(x) =
Γ(x+1)

x
, x 6= 0, −1, −2, . . .
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Example 1.2.

Γ
(1

2

)
=
√

π

≈ 1.77245

Γ

(
−3

2

)
=

4
3
√

π

≈ 2.36327

Γ

(
−1

2

)
= −2

√
π

≈ −3.54490

Remark 1.3. 1. Stirling’s formula

Γ(x)∼
√

2πxx−1
2 e−x, Re(x)→+∞.

1.2 Volume of n-dimensional sphere via Gamma func-
tion

This section is based on the lectures of Professor Chaur-Chin Chen.
We show the importance use of the Gamma function to calculate
the volume V n, of an n-dimensional sphere. For this purpose, let us
introduce the Cartesian coordinates (x1,x2,x3, · · · ,xn), we recall that
the sphere is defined by the equation

x2
1 + x2

2 + x2
3 + · · ·+ x2

n = ρ
2

.

Proposition 1.1. The volume V2 of the 2-dimensional sphere with
radius ρ is given by

V2 = πρ
2.
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Proof. Letting

x1 =r cosθ , 0≤ θ ≤ 2π,

x2 =r sinθ , 0≤ r ≤ ρ.

We have

J2 =
∂ (x1,x2)

∂ (r,θ)

=

∣∣∣∣∣∣∣
∂x1
∂ r

∂x2
∂ r

∂x1
∂θ

∂x2
∂θ

∣∣∣∣∣∣∣
= r.

Thus, we obtain

V2 =
∫

ρ

0

∫ 2π

0
J2drdθ =

∫
ρ

0

∫ 2π

0
rdrdθ = πρ

2.

Proposition 1.2. The volume V3 of the 3-dimensional sphere of ra-
dius ρ is given by

V3 =
4πρ3

3
.

Proof. For

x1 =r cosθ1 cosθ2, 0≤ θ2 ≤ 2π

x2 =r cosθ1 sinθ2, −
π

2
≤ θ1 ≤

π

2
x3 =r sinθ1, 0≤ r ≤ ρ.
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We get

J3 =
∂ (x1,x2,x3)

∂ (r,θ1,θ2)

=

∣∣∣∣∣∣∣∣∣∣∣

∂x1
∂ r

∂x2
∂ r

∂x3
∂ r

∂x1
∂θ1

∂x2
∂θ1

∂x3
∂θ1

∂x1
∂θ2

∂x2
∂θ2

∂x3
∂θ2

∣∣∣∣∣∣∣∣∣∣∣
= r2 cosθ1,

and therefore

V3 =
∫

ρ

0

∫
π/2

−π/2

∫ 2π

0
J3drdθ1dθ2

=
∫

ρ

0

∫
π/2

−π/2

∫ 2π

0
r2 cosθ1drdθ1dθ2

=
4πρ3

3
.

Theorem 1.2. The volume Vn of the n-dimensional sphere of radius
ρ is given by

Vn =
πn/2

Γ(n
2 +1)

·ρn.

Proof. Let us consider the following polar coordinates

x1 =r cosθ1 cosθ2 · · · · · ·cosθn−2 cosθn−1, 0≤ θn−1 ≤ 2π

xn−1 =r cosθ1 sinθ2, −
π

2
≤ θ1 ≤

π

2
xn =r sinθ1, 0≤ r ≤ ρ,
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and for 2≤ k ≤ n−2,

xk = r cosθ1 cosθ2 · · ·cosθn−k sinθn−k+1, −
π

2
≤ θn−k ≤

π

2
.

This implies that

Jn = rn−1cn−1
1 cn−2

2 · · ·c1
n−1s1s2 · · ·sn−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 1 1

−t1 −t1 −t1 · · · 1
t1

−t2 −t2 −t2 · · · 0

... ... ... ... ...

tn−2 −tn−2
1

tn−2
· · · 0

−tn−1
1

tn−1
0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

with ti = sinθi
cosθi

.
Subtracting each column from the preceding one, we get

Jn = rn−1cn−1
1 cn−2

2 · · ·c1
n−1s1s2 · · ·sn−1

n−1

∏
j=1

(t j +
1
t j
)

= rn−1cn−1
1 cn−2

2 · · ·c1
n−1s1s2 · · ·sn−1

n−1

∏
j=1

(
1

s j · c j
)

= rn−1cn−2
1 cn−3

2 · · ·c2
n−3c1

n−2

= rn−1 cosn−2 θ1 cosn−3 θ2 · · ·cos2 θn−3 cos1 θn−2
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Thus,

Vn =
∫

ρ

0

∫ 2π

0

∫
π/2

−π/2
· · ·
∫

π/2

−π/2

∫
π/2

−π/2
(Jn)dθ1dθ2 · · ·dθn−2dθn−1dr

=
∫

ρ

0

∫ 2π

0

∫
π/2

−π/2
· · ·
∫

π/2

−π/2

∫
π/2

−π/2
[rn−1 cosn−2

θ1 cosn−3
θ2 · · ·cosθn−2]dθ1dθ2 · · ·dθn−2dθn−1dr

= πn/2

Γ(n
2+1) ·ρ

n.

Remark 1.4. 1. The surface Sn for a sphere with radius r in Rn is
given by

Sn =
2Γ(1

2)
nrn−1

Γ(n
2)

.

1.3 Incomplete Gamma functions

Definition 1.4. The complete Gamma function Γ can be generalized
to the upper incomplete Gamma function and the lower incomplete
one respectively as follows:

γ(a,z) =
∫ z

0
e−tta−1dt, Re(z)> 0,

Γ(a,z) =
∫

∞

z
e−tta−1dt, Re(z)> 0.

Remark 1.5. We note that

1. Γ(a) = lim
x→∞

γ(a,x);

2. Γ(a,x) = Γ(a)− γ(a,x);

3. Γ(a,0) = Γ(a);
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4. Γ(a+1,z) = aΓ (a,z)+ zae−z;

5. Γ(a+1,z) = aΓ(a,z)+ zae−z;

6. γ (a+1,z) = aγ (a,z)− zae−z.

Proposition 1.3. The recursive formula for the serial

γ (a,z) =
∞

∑
n=0

(−1)n

n!
za+n

a+n

is given by

γ (a,z) = za
∞

∑
n=0

αn

a+n
, with α0 = 1 and αn = αn−1

(−z)
n

.

Proof. We have

γ (s,z) =
∞

∑
n=0

(−1)n

n!
zs+n

s+n
= zs

∞

∑
n=0

(−1)n

n!
zn

s+n
= zs

∞

∑
n=0

αn

s+n
,

for some constant g and Re(z)+g+ 1
2 > 0

bi (g) =

√
2eg+1

2

π

N

∑
n=0

Bi,n

N

∑
l=0

Cn,lΓ

(
l +

1
2

)(
l +g+

1
2

)−(l+1
2)

el.

Bi, j :=


0, i > j,
1
2, i = j = 0,
1, i = 0, j > 0,
(−1) j−i+1(i+ j−1)!
( j−i)!((n−1)!)2 , otherwise,

and

Ci, j :=


0, i < j,
1, i = 0, j = 0,
(−1)i− ji(i+ j)!4 j

(i+1)(2 j)!(i− j)! , otherwise.

For more details see [2].
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1.4 Beta function

Definition 1.5. (Euler 1730 & Jacques Binet 1839, (1786-1856))
The Beta function B(., .) or the Beta integral is the name used for
the Eulerian integral of the first kind. The Beta function is usually
defined by

B(x,y) =
∫ 1

0
tx−1(1− t)y−1dt, Re(x)> 0,Re(y)> 0.

In the following proposition we introduce the relationship be-
tween the Gamma function and the Beta function.

Proposition 1.4.

B(x,y) =
Γ(x)Γ(y)
Γ(x+ y)

.

Proof. We have

Γ(x)Γ(y) =
∫

∞

0
e−ss(x−1)ds

∫
∞

0
e−tt(y−1)dt

=
∫

∞

0

∫
∞

0
e−(s+t)s(x−1)t(y−1)dsdt.

We use the change of variables
u = s+ t,

v =
s

s+ t
,
=⇒

 s = uv,

t = u(1− v),

with the domain of integration D= {u, v ∈ R, u > 0 et 0 < v < 1},
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we get

Γ(x)Γ(y) =
∫ ∫

D
(uv)(x−1)[u(1− v)](y−1)e−u|−u|dudv

=
∫ ∫

D
u(x−1+y)v(x−1)(1− v)(y−1)e−ududv

=
∫

∞

0
[
∫ 1

0
u(x−1+y)v(x−1)(1− v)(y−1)e−udu]dv

=
∫

∞

0
u(x−1+y)e−udu

∫ 1

0
v(x−1)(1− v)(y−1)dv

= Γ(x+ y)
∫ 1

0
v(x−1)(1− v)(y−1)dv

= Γ(x+ y)B(x,y).

Examples 1.2. It is easy to see that

1.
B(1,1) = 1.

2.

B(
1
3
,
2
3
) =

2
√

3
3

π.

3.

B(
1
4
,
3
4
) = π

√
2.

1.5 Mittag-Leffler function

The Mittag-Leffler function is an important special function with
generalize of the exponential, it has many applications in mathe-
matics sciences namely in fractional calculus. The Mittag-Leffler
function is defind by



M
en

no
un

i

18 CHAPTER 1. SPECIAL FUNCTIONS

Definition 1.6. (Mittag-Leffler, 1903)

Eα(x) =
+∞

∑
k=0

xk

Γ(αk+1)
, α ∈ C and Re(α)> 0.

Definition 1.7. (Wiman, 1905)

Eα,β (x)=
+∞

∑
k=0

xk

Γ(αk+β )
, α,β ∈C, Re(α)> 0 and Re(β )> 0.

The following results are inspired from [1].

Theorem 1.3. The following integral formula holds:

xβ−1Eα,β (xα) = xβ−1E2α,β (x2α)+ 1
Γ (α)

x∫
0
(x− τ)α−1E2α,β (τ

2α)τβ−1 dτ (β > 0).

Proof. Letting

γα(x,τ) :=
[

1+
(x− τ)α

Γ (α +1)

]
.

On the one hand∫ x

0
E2α,β (τ

2α)τβ−1
γα(x,τ)dτ =

∞

∑
k=0

1
Γ (2kα +β )

∫ x

0
τ

2kα+β−1
γα(x,τ)dτ

= xβ
∞

∑
k=0

[
x2kα

Γ (2kα +β +1)
+

x(2k+1)α

Γ ((2k+1)α +β +1)

]

= xβ
∞

∑
k=0

xkα

Γ (kα +β +1)

= xβ Eα,β+1(x
α).

On the other hand, using the definition and by term-by-term integra-
tion, we get∫ x

0
Eα,β (λτ

α)τβ−1dτ = xβ Eα,β+1(λxα), β > 0.
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Thus,∫ x

0
E2α,β (τ

2α)τβ−1
{

1+
(x− τ)α

Γ (α +1)

}
dτ =

∫ x

0
Eα,β (τ

α)τβ−1 dτ, β > 0.

By differentiation with respect to x, we get the desired result.
Let ς1 and ς2 two complex parameters. Define the following

function

Jν ,α,β ,ς1,ς2
(δ ) :=

δ∫
0

τ
β−1Eα,β (ς1τ

α)(δ−τ)ν−1Eα,ν(ς2(δ−τ)α)dτ,

Theorem 1.4. The following integral formula holds for some β > 0
and ν > 0

Jν ,α,β ,ς1,ς2
(δ ) =

ς1 Eα,β+ν(δ
ας1)− ς2 Eα,β+ν(δ

ας2)

ς1− ς2
δ

β+ν−1

Proof. We have

Jν ,α,β ,ς1,ς2
(δ ) =

∞

∑
n,m=0

ςn
1 ςm

2
Γ (nα +β )Γ (mα +ν)

δ∫
0

τ
nα+β−1(δ − τ)mα+ν−1 dτ

=
∞

∑
n=0

∞

∑
m=0

ςn
1 ςm

2 δ (n+m)α+β+ν−1

Γ ((m+n)α +β +ν)

= δ
β+ν−1

∞

∑
n=0

∞

∑
k=n

ςn
1 (ς2)

k−n δ kα

Γ (kα +β +ν)

= δ
β+ν−1

∞

∑
k=0

ς k
2 δ kα

Γ (kα +β +ν)

k

∑
n=0

(
ς1

ς2

)n

=
δ β+ν−1

ς1− ς2

∞

∑
k=0

δ kα(ς k+1
1 − ς

k+1
2 )

Γ (kα +β +ν)
.

By the definition of the generalized Mittag-Leffler function we ob-
tain the desired result.
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Denotting by (δ )n the following Pochhammer symbol

(δ )n = δ (δ +1) . . .(δ +n−1), δ 6= 0.

Now, we give the second generalized Mittag-Leffler function

Definition 1.8.

Eδ

β ,γ(x)=
+∞

∑
n=0

(δ )nxn

Γ(βn+ γ)n!
, such that α, β , γ ∈C and Re(β )> 0,

Let us consider the Bp(x,y) the generalized Beta function defined
by

Bp(x,y) =
∫ 1

0
tx−1(1− t)y−1e

−p
t(t−1)dt.

We give the third generalized Mittag-Leffler function

Definition 1.9. (Ozarslan, Yasar 2013)

Eγ,c
α,β

(x, p)=
+∞

∑
n=0

Bp(γ +n,c−n)
Bp(γ,c−n)

(c)nxn

Γ(βn+ γ)n!
, p> 0, Re(c)> 0, Re(γ)> 0.

Examples 1.3.

E1(x) =
+∞

∑
k=0

xk

Γ(k+1)
= ex.

E2(x) =
+∞

∑
k=0

xk

Γ(2k+1)

= cos(x2).

E1,1(x) =
+∞

∑
k=0

xk

Γ(k+1)

=
+∞

∑
k=0

xk

k!
= ex.
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Remark 1.6.
Eβ (x) = Eβ ,1(x).

Eβ ,1(x) = E1
β ,1(x).

Eβ ,γ(x) = E1
β ,γ(x).

1.6 Mellin-Ross function

The Mellin-Ross function Et(ν ,a) appears in the fractional integral
of the exponential function of type eat , it is related to the incomplete
Gamma function and the Mittag-Leffler function. Letting

γ
∗(a,x) :=

x−a

Γ(a)
γ(a,x)

=
1

Γ(a)x2

x∫
0

e−tta−1.

Definition 1.10. The Mellin-Ross function is defined by

Et(ν ,a) = tνeat
γ
∗(ν , t),

we can also write

Et(ν ,a) = tν
+∞

∑
k=0

(at)k

Γ(ν + k+1)
= tνE1,1+ν(at).
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1.7 Exercises

Exercise 1.1. 1. Prove that

Γ(x+1) = xΓ(x), x > 0.

2. Deduce that

Γ(n+1) = n! for all n ∈ N.

3. Calculate Γ(5) and Γ(7).

4. Calculate Γ(22
5 )

Γ(17
5 )
.

5. Calculate Γ(11
4 )

Γ(23
4 )
.

Exercise 1.2. 1. Prove that

Γn(x) =
ex(logn−1−1/2−...−1/n)ex+x/2+...+x/n

x(1+ x)(1+ x/2)...(1+ x/n)
.

2. Deduce that

Γn(x) = ex(logn−1−1/2−...−1/n)1
x

ex

1+ x
ex/2

1+ x/2
× . . .× ex/n

1+ x/n
.

3. Prove that the sequence γn := 1+
1
2
+

1
3
+ ...

1
n
− lnn is decreas-

ing.

4. Let us consider the Euler-Mascheron’s constant γ given by

γ := lim
n→∞

[
1+

1
2
+

1
3
+ ...

1
n
− lnn

]
= 0.57721 56649 01532 86060 . . . .

Deduce the value of Γ(x).
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Exercise 1.3. Let us consider the function ψ given by

ψ(x) :=
Γ(x)
Γ′(x)

.

It is well known that

1
ψ(x)

=−γ− 1
x
+ ∑

n≥1

(
1
n
− 1

x+n

)
.

Prove that (
1

ψ(x)

)′
= ∑

n≥0

1
(x+n)2 .

Exercise 1.4. Prove that there are two constants c1 and c2 such that,
for any positive real R large enough, we have∣∣∣∣ 1

Γ(z)

∣∣∣∣≤{ c1RR if Re(z)> 1
c2(R+1)R if 0 < Re(z)< 1.

Exercise 1.5. Let us consider the function ξ (z) = 1/Γ(z), z ∈ [1−
i,1+ i]. Prove that

|ξ (z)| ≥ |x|eγxe−3 >
1
2
.

Exercise 1.6. Using the integral formula to prove that

Γ(z+1) = zΓ(z), for all z ∈ C with Re(z)> 0.

Exercise 1.7. Prove that for all x > 0

1.

Γ(x) =
∫ 1

0
(− log(u))x−1du.

2.

Γ(x) = 2
∫ +∞

0
e−u2

u2x−1du.
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Exercise 1.8. 1. Calculate the integral

I = 2
∫ +∞

0
e−u2

du.

2. Deduce the value of Γ
(1

2

)
.

3. Deduce Γ(3
2), Γ(−1

2) and Γ(−3
2).

Exercise 1.9. Prove that

Γ(n+
1
2
) =

√
πΓ(2n+1)

22nΓ(n+1)
, for all n ∈ N.

Exercise 1.10. Let us consider the following function

ϕ(s) :=
1∫

0

us−1

1+u
du.

1. Prove that

Γ(s)Γ(1− s) = ϕ(s)+ϕ(1− s).

2. Prove that

ϕ(s)=
+∞

∑
n=0

(−1)n

n+ s
, pour tout s∈C, with 0<Re(s)< 1.

3. Give the power series expansion for the function Γ(s)Γ(1− s).

4. Letting

an :=
2sinπs

π
.
(−1)ns
s2−n2 , n ∈ N.

Use the formula

∀t ∈]0,1[ cos(st) =
a0

2
+

+∞

∑
n=1

an cosnt

=
sinπs

πs
+

+∞

∑
n=1

2sinπs
π

(−1)ns
s2−n2 cosnt
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to prove that

Γ(s)Γ(1− s) =
π

sinπs
, s ∈ C such that 0 < Re(s)< 1.

Exercise 1.11. Using the formula

Γ(x)Γ(1− x) =
π

sin(πx)
, x≥ 1

calculate Γ
(1

2

)
, Γ(1

3)Γ(
2
3) and Γ(1

4)Γ(
3
4).

Exercise 1.12. Let us consider the following integral

Jn(z) =
∫ 1

0
sz−1 (1− s)n ds, Re(z)> 0.

1. Prove that for all n ∈ N, we have

Jn(z) =
n!

z(z+1) . . .(z+n)
.

2. Prove that
Γ(z) = lim

n→+∞
nzJn(z).

Exercise 1.13. Let x,y ∈ C with Re(x)> 0, Re(y)> 0. Prove that

1.
B(x,y) = B(y,x).

2.

B(x,y) = 2
∫ π

2

0
sin(2x−1)

θ cos(2y−1)
θ dθ .

Exercise 1.14. Let x,y ∈ C with Re(x)> 0, Re(y)> 0.

1. Prove that
B(x+1,y) =

x
x+ y

B(x,y).

2. Deduce B(x,y+1).
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3. Deduce a relationship between the B(x,y) and B(x−1,y).

Exercise 1.15. Prove that∫ 1

0

tdt√
1− t5

=
1
5

B(
2
5
,
1
2
).

Exercise 1.16. Prove that∫ 1

0

t2dt√
1− t4

=
1
4

B(
3
4
,
1
2
).

Exercise 1.17. 1. Calculate B(1
2 and 1

2).

2. Deduce ∫ +∞

−∞

e−u2
du.

Exercise 1.18. Calculate E1,2(z), E1,3(z) and E2,1(z), z∈C, Re(z)>
0.

Exercise 1.19. Prove that

βEα,β (x) = xEα,α+β (x)+
1

Γ(β )
.

Exercise 1.20. Prove that

Eα,β+1(x)+αx
d
dx

[Eα,β+1(x)] = Eα,β (x)

Exercise 1.21. Let us consider the function ϑα given by

ϑα(x) := 1−E(−xα), 0 < α ≤ 1, x > 0.

Prove that
d
dx

ϑα(x) = xα−1Eα,α(−xα).

Exercise 1.22. Consider the generalized Pochhammer symbol de-
fined by

(λ , p)n =
1

Γ(λ )

∫ +∞

0
tλ+k−1e−t− p

t dt,
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and consider the generalization

Eλ ,p
β ,γ

(x) =
+∞

∑
n=0

(λ ; p)nxn

Γ(λ )Γ(βn+ γ)n!
,

such that Re(p)> 0, Re(λ +n)> 0 for p = 0.
Prove that

Eλ ,p
β ,γ

(z) =
1

[Γ(λ )]2

∫ +∞

0
tλ−1e−t− p

t Eβ ,γ(tz)dt.
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