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Détermination du déplacement u(x, ¢) d'une corde dont les extrémités sont maintenues.

Conditions aux limites et initiale:

Y Solution analytique:
| > Restart .

> FEq = ﬁz u(x,t)=c- 5 u(x,t);
0 ax

(
% (% u(x,t)) = (% (% M(X,I)))
=> Eql = subs(u(x, t) =X(x) -T(t), Eq);
% (% (X(x) T(r))) - (% (% (X (1)) ) )

B eXPa”d(Eq”;((x) (i (i T(,))) 2 (i (iX(x))) T(t)
dr \ dr dr | dr

(1.1)

(1.2)

(1.3)



> Eq2 3 (%) ;
A X (x)-T(t)
d (d d
dt(dt (t)) _ dr (dxX(x)) 14
i i X(x) '
> Eq3 = rhs(Eq2) =—7\,2;
d d
& (EX()C)) = (1.5)
L X(x) )
> dsolve(Eq3);
_ X(x)=_CIsin(hx) + _C2cos(Ax) (1.6)
> dsolve({Eq3,X(0)=0,X(L)=0});
L X(x)=0 1.7)
Solution triviale.
> dsolve({Eq3,X(0)=0});
L X(x)=_CIsin(Ax) (1.8)
> X := unapply( rhs(%), x);
L x— CIsin(Ax) (1.9)
> Mn] = ”z“,
nm
I 7 (1.10)
> X[n](x) := subs(A=A[n], X(x));
i CI sin( ”Z‘x j 1.11)
> Eq4 = lhs(Eq2) =-\;
d (d
| = T(2)
& (zd’ ) = (1.12)
L T (1)
> dsolve(Eq4);
| T(t)= Clsin(cAt) + C2cos(c)t) (1.13)
> T = unapply( rhs(%), t);
_ t— Clsin(cAt) + C2cos(cht) (1.14)
> T[n](t) := subs(A=A[n], T(t));
CI sin(cnntj+_C2cos(Cnnt) (1.15)
I _ X[n)(x)-T[n)(1)
>u[n](x’ t) T _C] )
. nmx . cnmit cnTmt
i sm( I J (_CI s1n( I j + C2 cos( I )j (1.16)
>u(x,t) = Sum(u[n](x,t),n=1..0);
zsin( ””j (_C] sin( cnmit ) +_C2cos( cnmi j) (1.17)
i L L
i X, t) = expand(u(x,t));
. cnmt . nmx cnTmt
;Zl( ( )_C] s1n( I J —I—sm( I j_C2 cos( I )j (1.18)



2 sin(H ) (1.19)

cT
L
! . TX cTt
j—l—sm( I )_CZCOS( I ) (1.20)
> p2 = sin( 22” j _CI sin( 2.27” ) +sin( ZZEx j 2 cos( 2emt );

sin( 22“‘ ) cl sin( 2 ch j +sin( 2mx ) N, cos( 2 ch ) (1.21)

> q = eval(subs(t=0,pl));

Sm( % ) e (1.22)
=> solve(q=CII, {_C2});
) X ) cT! . cmt
s1n( I )_C[ sm( I3 )+s1n( I j_CZcos( I ) (1.24)
. 2Ty ) 2cmt 2¢mt
-l-s1n( I3 )_CI s1n( I ) 1n( I )_CZCOS( I j

d
> dpp = PR

. TX cCTt . TXx . cCTt
sm( I )_C]cos( 7 )cn - sm( I )_CZsm( 7 )cn

I 7 (1.25)
2sin( 2mx ) Cl cos( 2(;” j cT 2sin( 2mx ) _CZsin( cnl ) cT
| * L B L
> qq = eval(subs(t=0, dpp));
sin(%j Clem 2 sin( 22” ) Clem
i 7 + 7 (1.26)
> solve(qq=CI2, { Cl});
2
s1n( 7th j L
Cl=- (1.27)
i ﬂ:c(sm(T)—l-2sm( I3 )j
> qqq = op(2,4q);
ZSil’l( 2Zx ) Clcm
1.2
7 (1.28)

[ > solve(qqq =CI2, {_C1});

(1.29)



> u(x, t) == eval(subs( {_CI =-

.| Tx cTt
+sm( I )_CZCOS( I )J
2

|_> restart,

>u(x, t) =2 sin(%) cos(

1
2

. ( 2Tx
sin

X cntj
cT L L
crct)_ L Sin(2nxjsin(2cnt)
L 2ne L L ’
2 2 t
Lsin( Tx ) sin( ¢
(xt)—>2sin(ﬂ)cos(cﬂ;t)—L L
’ L L 2 cT
1
1

[ > plot({u(0.1,t), u(0.2,t), u(0.4,t), u(0.6,t), u(0.8,t), u(1,t) },t=0.2.5, title
= "Variation de I'amplitude en fonction du temps’, labels=1["t", u’]);

1,51

0.5 —

Variation de l'amplitude en fonction du temps

(1.29)

(1.30)

(1.31)

(1.32)



> plot({u(x,0.1), u(x,0.25), u(x,0.75), u(x, 1.0), u(x, 1.5), u(x,2.0) }, x =0..1, title
="Variation du l'amplitude en fonction de x°, labels =[x, u’]);

Variation du l'amplitude en fonction de x
2 —_

0,2 0,4 0,6 0,8 1

_2_
B plot3d(u(x,t),x=0.1,¢=0..1.5, axes = boxed),




Y Solution numérique:
;> Restart:w th(plots):

S R R T T
0=, (5700 ) =55 (e w0 )

I Eq = — u(x, t)=%u(x,t) 2.1
> CL:={u(0,t) =0, u(1,t) =0, u(x,0) = 2*sin(Pi*x/L), (D2]
(u))(x, 0) = -sin(2*Pi*x/L)};

CL = {u(o, £)=0,u(l,t)=0,u(x,0)=2 sin(%j, Dz(u)(X, 0)= —Sin( zzx )] 2.2)

> L:=1;

L L=1 (2.3)
Résolution et création d'un module de solutions comprenant les focntions: plot, plot3d, value, ...
etc.
> Sol := pdsolve( Egq, CL, nuneric, time =t, range =0 .. 1);

Sol .= module( ) export plot, plot3d, animate, value, settings; ... end module 2.4)

B Sol :- plot(u(x, t) ,x=0.8,t=0..2.5, color =blue) ;




0,5 1

-0,5 -

_> Sol :- plot(u(x, t) ,x=0..1,t=0.4, color =blue) ;

2,5




0,6

0,5 1

0,4 -

0,3

0,2 -

0,1

0 T T
0 0,2

_> Sol :-animate(u(x,t),t=0.4)

0,4

0,6

0,8



_> Sol :- plot3d(u(x, t), t=0..1, shading = zhue, axes = boxed, labels = ["x", "t", "u(x,t)" ],
labelfont = [ TIMES, ROMAN, 16]);




> Val U := Sol :- value();
ValU := proc( ) ... end proc 2.5)

;La veleur de la temperature en x=0.1,7=0.01 est:

> ValU 0.5, 0.1);
[x=0.5,¢=0.1, u(x, ) = 1.90270823463659511] (2.6)

>

VY Solution discreétisée:

;> Restart :
>Ax:=02;A:=0.1;L:=1;
Ax :=0.2
At:=0.1
| L=1 @3.1)
2
> A= [A[J ;
Ax
| A :=0.2500000000 3.2)
(> i =11
b = 11 3.3)
_> Noax = 15
(34




> fornfrom1to n  dou[l

> for n from 1 to Nax do u[i

X
=x—2sin| —
f=x sm(L)

ZTl:xJ

g:=x—>—sm( I

> forifrom 1 toi  dou[i, 0] :=evalf(f((i—1)-Ax)) enddo;

u o:=0.
Uy o= 1175570505
Uy o= 1.902113033
uy o= 1.902113033
us o= 1.175570504
ug, o= 0.
u, o= -1.175570506
g o= -1.902113033
g o= -1.902113032
g o= - 1.175570504
uyy :=0.

,n] == o enddo;

U= 0
Uy, =0
U 4=
Uy 4=
u 5:=0

<
kuu'_‘u\lv
© ® uw  Lu AW

|

e

U 5=
u ¢:=0
U ¢:=0
Uy o= 0
u; ;=0
Uy 1=
u; 13:=0
U 4= 0
Uy 15—

nax’ n] = [ end do;

(3.4)

(3.5)

(3.6)

3.7

(3.8)

(3.9)



<
—_
—
© ® 9 N L A WN
()

uyy =0
Uy =0
Uy 43=0
Uy 14=0
Uy g5 = 0 3.10)

V schéma explicite:
> forifromltoi do

uli, 17:= (1= A)-evalf (f((i—1)-Ax)) +
—2)-Ax))) + Arevalf (g( (i —1)-Ax) );

N | >

(evalf (f(i-Ax)) +evalf (f( (i

uy 4 :=0.
u, | = 1.024336356
uy | = 1.752516692
u, | = 1.870073742
ug | = 1214547659

ug | = -2.500000000 10"
uy | = - 1.214547661
ug | = -1.870073742
uy | = -1.752516691
g, = - 1.024336355

-10
1y 1 =2.500000000 10 (3-1.1)

_> for n from 1 to ax do
for i from 2 to [oax — 1 do

uli,n+1]:=2-Au[i,n]+ A (u[i+1,n]+u[i—1,n]) -u[i,n-1]
end do;
end do;

> forifrom2toi  —1do u[i, nmax] end do;

-1.257397365
-2.063152841
-2.098555267
-1.314679696

1.501922610 107"°
1.314679697




2.098555267
2.063152842
L 1.257397367 3.1.2)
| > with(plots) :
> forn from | ton_, do
liste[n] :== [[0.0, u[1,n]], [0.1, u[2,n]], [0.2, u[3,n]], [0.3, u[4,n]], [0.4, u[5,
nl], [0.5, u[6,n]], [0.6, u[7,n]], [0.7, u[8, n]], [0.8, u[9,n]], [0.9, u[10, n]]
[1.0, u[11,n]]]
end do

liste, .= [[0.,0.1, [0.1, 1.024336356 ], [0.2, 1.752516692], [0.3, 1.870073742],

[0.4, 1.214547659], [0.5, -2.500000000 10'°], [0.6, - 1.2145476611, [0.7,
-1.8700737421, [0.8, - 1.7525166911, [0.9, - 1.0243363551, [ 1.0,
2.500000000 107'°]]

liste, = [ [0.,0], [0.1, -0.2252731540], [0.2, -0.3022521631, [0.3,

-0.2253100741, [0.4, -0.1007782391, [0.5, - 6.250000000 1071°], [0.6,
0.1007782401, [0.7, 0.225310074 1, [0.8, 0.3022521627, [0.9, 0.2252731536],
[1.0,0]]

liste; := [ [0.,01, [0.1, -1.2125359741, [0.2, -2.0162885801, [0.3, -2.083486380],

[0.4, -1.3212642977, [0.5, 1.875000000 10_10], [0.6,1.321264299], [0.7,
2.0834863801, [0.8,2.0162885791, [0.9, 1.2125359721, [1.0, 0]]
listey .= [10.,07, [0.1, -0.88506697807, [0.2, - 1.529897715], [0.3,

- 1.6508213351, [0.4, - 1.0807255041, [0.5, 1.218750000 10™], [0.6,
1.0807255051, [0.7, 1.650821336], [0.8, 1.5298977167, [0.9, 0.8850669774 ],
[1.0,0]]

listes:= [ [0.,01, [0.1, 0.38752805621, [0.2, 0.6173676441, [0.3, 0.605419908 ],

[0.4,0.3681962115], [0.5, 6.718750000 10'10], [0.6, -0.36819621241], [0.7,
-0.6054199071, [0.8, -0.617367643 1, [0.9, -0.38752805421, [1.0, 01]
liste, := [[0.,07, [0.1, 1.233172917], [0.2, 2.086818528 ], [0.3, 2.199922253 ], [0.4,

1.4161785871, [0.5, -1.107812500 10'9], [0.6, -1.416178588], [0.7,
-2.1999222531, [0.8, -2.0868185281, [0.9, -1.2331729157, [1.0, 0]]
liste, .= [[0.,01, [0.1,0.7507630338 1, [0.2, 1.2843154121, [0.3, 1.370290497],

[0.4, 0.8898736455], [0.5, -1.475781250 10'9], [0.6, -0.8898736456], [0.7,
-1.370290498 1, [0.8, -1.284315413 1, [0.9, -0.75076303581, [1.0, 0]
listeg := [[0.,07, [0.1, -0.5367125472], [0.2, -0.914397439], [0.3,

-0.9712297401, [0.4, -0.62866914021], [0.5, 3.449218750 10'°], [0.6,
0.6286691404 1, [0.7, 0.9712297391, [0.8, 0.9143974381, [0.9, 0.5367125438],
[1.0,0]]

listey = [[0.,01, [0.1, -1.247718667], [0.2, -2.118499703 ], [0.3, -2.241672012],
[0.4, -1.4470156507, [0.5, 1.698242188 10™°], [0.6, 14470156511, [0.7,
2.2416720121], [0.8, 2.118499703 ], [0.9, 1.2477186671, [1.0, 0]

liste,, := [ [0.,01], [0.1, -0.6167717118], [0.2, - 10172000831, [0.3,

-1.040985104 1, [0.4, -0.6552566878 ], [0.5, 7.541992190 10'10], [0.6,
0.65525668861, [0.7, 1.040985105], [0.8, 1.017200084 1], [0.9, 0.6167717152],
[1.0,0]]

9




liste, | = [[0.,01, [0.1, 0.68503279021, [0.2, 1.1954604571, [0.3, 1.303065267],

[0.4,0.8591410302], [0.5, -1.121142578 10'9], [0.6, -0.85914103011], [0.7,
-1.3030652661, [0.8, -1.1954604561, [0.9, -0.6850327884 1, [1.0,07]
liste,, .= [[0.,0], [0.1, 1.2581532217, [0.2, 2.111954826], [0.3, 2.206168109],

[0.4,1.4105935201, [0.5, - 1.289770508 1071, [0.6, - 1.4105935201, [0.7,
-2.2061681091, [0.8, -2.1119548261, [0.9, -1.258153223], [1.0, 0]]
liste,; := [[0.,01, [0.1, 0.47203252681, [0.2, 0.7265972891, [0.3, 0.680655873 ],

[0.4,0.39769775681, [0.5, 4.762573240 10™'°], [0.6, -0.3976977579], [0.7,
-0.6806558741, [0.8, -0.7265972901, [0.9, -0.47203252961, [1.0, 0]]
liste,, = [[0.,0], [0.1, -0.84048763541, [0.2, - 1.460484082], [0.3,

-1.5847664117, [0.4, - 1.041580673 1, [0.5, 1.252899170 10™], [0.6,
1.0415806737, [0.7, 1.5847664101, [0.8, 1.4604840801, [0.9, 0.8404876357],
[1.0,0]]
liste,s == [[0.,01, [0.1, -1.257397365], [0.2, -2.0631528411], [0.3, -2.098555267], (3.1.3)

[0.4, -1.3146796961, [0.5, 1.501922610 10°], [0.6, 1.3146796971, [0.7,
2.0985552671, [0.8, 2.0631528421, [0.9, 12573973671, [1.0, 01]

> multiple(listplot, [ liste[ 1], color =red, legend=["n=1"]], [liste[3 ], color = blue,
legend=["n=3"]1], [liste[ 5], color = black, legend=["n=5"1], [liste[ 7], color
= green, legend = ["n=7"]], [liste[ 9], color =yellow, legend = ["n=9"]],
[liste[ 11], color = brown, legend= ["n=11"]], [liste[ 13 ], color =red, legend
= ["n=13"]], [liste[15], color = blue, legend = ["n=15"]], gridlines = true);




—— ["n=1"] —— ["n=3"] —— ["n=5"]
—— ["n=7"] ["n=9"] —— ["n=11"]

> forn from | ton_, do
liste[n] = [Oc, seq(u[i, n),i=2.i . — 1), [3]
end do
liste, .= [0, 1.024336356, 1.752516692, 1.870073742, 1.214547659,

-2.500000000 107'°, - 1.214547661, -1.870073742, -1.752516691,
-1.024336355, 0|
liste, == [0, -0.2252731540, -0.302252163, -0.225310074, -0.100778239,

-6.250000000 10-10, 0.100778240, 0.225310074, 0.302252162, 0.2252731536, 0 |
listey .= [0, -1.212535974, -2.016288580, -2.083486380, - 1.321264297,

1.875000000 10'10, 1321264299, 2.083486380, 2.016288579, 1.212535972, 0]
listey .= [0, -0.8850669780, -1.529897715, -1.650821335, -1.080725504,

1.218750000 10'9, 1.080725505, 1.650821336, 1.529897716, 0.8850669774, 0 |
listes .= [0, 0.3875280562, 0.617367644, 0.605419908, 0.3681962115,

6.718750000 107'°, -0.3681962124, -0.605419907, -0.617367643,
-0.3875280542, 0]
listeg := [0, 1.233172917, 2.086818528, 2.199922253, 1.416178587,

-1.107812500 10, - 1.416178588, -2.199922253, -2.086818528,
-1.233172915, 0]



liste, := [0, 0.7507630338, 1.284315412, 1.370290497, 0.8898736455,

- 1.475781250 10, -0.8898736456, - 1.370290498, - 1.284315413,
-0.7507630358, 0]
listeg := [0, -0.5367125472, -0.914397439, -0.971229740, - 0.6286691402,

3.449218750 10™'° 0.6286691404, 0.971229739, 0.914397438, 0.5367125438, 0]
listey := [0, -1.247718667, -2.118499703, -2.241672012, - 1.447015650,

1.698242188 10, 1447015651, 2.241672012, 2.118499703, 1.247718667, 0]
liste,, := [0, -0.6167717118, -1.017200083, - 1.040985104, -0.6552566878,

7.541992190 10™'° 0.6552566886, 1.040985105, 1.017200084, 0.6167717152, 0]
liste, | := [0, 06850327902, 1.195460457, 1.303065267, 0.8591410302,

~1.121142578 107, -0.8591410301, - 1.303065266, - 1.195460456,
-0.6850327884, 0|
liste,, == [0, 1.258153221, 2.111954826, 2.206168109, 1410593520,

-1.289770508 10, - 1.410593520, -2.206168109, -2.111954826,
-1.258153223, 0]
liste,, == [0, 0.4720325268, 0.726597289, 0.680655873, 0.3976977568,

4.762573240 107'° -0.3976977579, -0.680655874, -0.726597290,
-0.4720325296, 0]
liste,, == [0, -0.8404876354, - 1.460484082, - 1584766411, -1.041580673,

1.252899170 10, 1.041580673, 1.584766410, 1.460484080, 0.8404876357, 0]
liste, 5 := [0, -1.257397365, -2.063152841, -2.098555267, - 1.314679696, 3.14)

| 1.501922610 10'10, 1.314679697, 2.098555267, 2.063152842, 1.257397367, 0|

> SolExplicite := liste[nm ax]
[0, 0.4013368020, 0.7060645452, 0.8827702217, 0.9605289216, 0.9806847873, (3.1.5)
| 0.9605289216, 0.8827702216, 0.7060645452, 0.4013368020, 0]

> listplot( liste[ 15])




> multiple (listplot, seq(
rand( ) )

,i=1.

liste[i], color = COLOR (RGB,

“"max

n ), gridlines = truej ;

rand( )

rand( )
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b
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V¥ Schéma implicite:




