Equation de Diffusion 2D

Dr. Lad MESSAOUDI
Département de Mécanique

Université de Batna

Master : Energétique

Matire : Méthodes Numériques Appliquées lI

EXAMEN

Détermination de la distribution de temperature T (X, y) a travers une plaque

composée (k1 et k2) de largeur L, de hauteur H et d'éapisseur e soumise aux (C.L.)
suivantes.

%(k%ﬂx, y)) 4 diy(kdiyfr(x, y)) 0

Conditions aux limites (C.L):

T(L y) = Ty = 40,

q(0,y) =0,
q(x, 0) =0,
ot ) = 1001

m



V solution

| > Restart: Digits := 4 :
> L:=1.6; H:= 1.0; e := 0.02; k; := 500; k, := 500; 6x := 0.4; oy := 0.2;
L:=1.6
H:=1.0
e:=0.02
k, == 500
k, := 500
ox = 0.4
| oy = 0.2 (1.1
> ndx:= L ; ndy = ﬂ; Aw = dy-e; Ae := Aw, As :== ox-e; An = As, k=
OX oy
(ki k)
2 1)
ndx := 4.000
ndy := 5.000
Aw = 0.004
Ae = 0.004
As = 0.008
An = 0.008
i k., == 500 (1.2)
> Q. = round(ndx); j,.. == round(ndy);
hax = 4
i Jmax = (1.3)
Nombre d'équations:
> Ne = Inax” Jmax
_ Ne := 20 (1.4)
Conditions aux Limites:
> TO := 40; g == 10°; g0 := 0;
T0 := 40
q = 100000
| q0:=20 (1.5)
[ Noeuds internes gauche:
> forjfrom2to j . —1do
for ifrom 2 to trunc( l”;ax ) do
Suli, j] = 0;
[ ; _] kl'AW
ayli j] = ——;
wibJ OX




agli jl = S
o k;-As
agdi j] = 5 ;
o k;-An
ayli jl = 5 ;
afi ] = k;-Aw N k. -Ae N k;-As N k;-An
P X 8 8y D
Spli j1 = ayli j1+ agli, j1+ ad i j1+ ayli jl - apli jl;
end do;

| enddo;
Noeuds internes droit:
> forjfrom2to j . —1do

i
for i from trunc[%j +1to i, —1do

Suli j] = 0;
-Aw
aW[ i’ J] = km6x 1
o k,-Ae
agli jl = ™ ;
] k,-As
agll J| = )
sthJ Y
o k,-An
ayli jl = 5 ;
AW k,-Ae k,-As  Kk,-An
ap[i,j]:]911 e e
oX oX oy oy
Spli, jl = ayli j1+ agli j1+ adli j1+ ayli jl - apli jl;
end do;
end do;

[ Noeuds gauche:
> forjfrom2to j . —1do

Sull, jl:= q0-Aw,
ayl1, jl:=0;
) k;-Ae
agl 1, j] = ™ ;
_ k;,-As
agl, jl = 5 ;
k;-An

aN[lsJ] = 5)/




kl-Ae

kI-AS

k1~An

ap[]-!j] =

Sp[l,]] = aW[lsJ] + aE[lsj] + aS[llj] + aN[]-!J] _ap[lsj];

end do;

_Noeuds droit:

> forjfrom2to j . —1do

aW[ imax’ J] =
aE[imax’ J] =

aS[ imax’ J] =

+
X

X

kz'AW.

X
0;
kZ-AS

oy

oy

_ _ 2- ky-Ae
Sul oo J] = ———-10

+ ;
oy

Suy , = 0.
(aw), ,=0
(a), , = 5.000
(as), , = 20.00
(ay), , = 20.00
(ap), , = 45.00
Spy o = 0.
Suy 3=0
(aw), ;=0
(), , = 5.000
(dg), , = 20.00
(ay), . = 20.00
(ap), , = 45.00
Spy 3= 0.
Sup 4, =0
(aw) 1,4 0
(a), , = 5.000
(ag), , = 20.00
(ay), , = 20.00
(ap), , = 45.00
Spy 4= 0.

(1.6)



kz'An

an| ke J] = 5 ;
_ _ k,-Aw  2-k,cAe  Kk,rAs  ky,-An
Al fma J] = x & % i Sy |

Sp[imax’ J] = aW[ imax’ J] + aE[imax’ J] + 615[ imax’ J] + aN[imax’ J] B aP[imaX’ J]’
end do;

Suy , = 400.0
(ay), , = 5.000
(aE)4, 2 =0
(ag), , = 20.00

(ap), , = 55.00

Spy. 5 = —10.00
S 4 = 400.0
(ay), , = 5.000
(aE)4, 3 =0

(ag), . = 20.00
(ay), , = 20.00

Sp, 3 = —10.00
Sty 4 = 400.0
(ay), , = 5-000
(a), ,=0
(as), , = 20.00
(ay), , = 20.00
(ap), , = 55.00
Sp, 4 = —10.00 (1.7)

[ Noeuds bas gauche:

> forifrom2 to trunc( 2ax ) do

Suli 1] := q0-As;;

i1 k;-Aw
ayli 1] = ——;
W S

k -Ae
agli 1= —"—ri;
el 1] o

agi, 1] :=0;




) k;-An
ayli 1] = ;

oy
k,-Aw ‘Ae k,-An
apli 1] = 4 Kmde KyAn,
OX OX oy
Spli, 1] = ayli 1]+ agi 1]+ adi 1]+ ay[i 1] - ap[i 1];
end do;

Suzy 1= 0.
(aW)2 L= 5.000
(aE)2 L= 5.000
(aS)Z, 1 =0
(aN)2 L= 20.00
(ap)2 L= 30.00
i Sp, 1= 0. (1.8)
Noeuds bas droit:

> forifromtrunc[l”;”‘j +1to i, —1do

Suli, 1] := q0-As;

-Aw
aW[ is 1] = anSX ;
) k,-Ae
agli, 1]:= ™ ;
agi, 1] :=0;
) k,-An
ayli 1] = 5
Aw k,rAe k,-An
apli, 1] = '<"‘6x et 25y :
Spli, 1] = ayli 1]+ agi 1]+ adi 1]+ ay[i 1] - ap[i 1];
end do;

Su3’ 1= 0.
(aW)3 L= 5.000
(aE)3 L= 5.000
(615) 3,1 =0
(aN)3 L= 20.00
(ap)3 L= 30.00
i Spgy 1= 0. (1.9
Noeuds hauts gauches:

i
> forifrom 2 to trunc ( % ) do



Su[i, jmax] = q-An;

o k;-Aw
aW[l’ JmaX = 6X ;
o k.-Ae
aE[l’JmaX] = Sx )
o k;-As
aS[l’ Jmax] = 5)/ ,

aN[ i’ jmax] = O;
o k;-Aw k. -Ae  k;-As
aP[ L Jmax] = X + X + 6)/ ;
Sp[ i’ jmax] = aW[ i’ jmax] + aE[ i’ jmax] + aS[ i’ jmax] + aN[i’ jmax] - aP[ i’ jmax];
end do;

St, 5 = 800.0
(ay), 5 = 5.000
(), . = 5.000
(as), 5 = 20.00

(aN) 2,5 =0
(ap), , = 30.00

_Noeuds hauts droit:
> forifromtrunc[%) +1to i —1do

SUll Jax] = a-AN,

o k. -Aw
o k,-Ae

aE[l’ Jmax] = Sx ;
o k,-As

aS[ L, Jmax] = 5)/ ;

aN[ i’ jmax] = O;
o k., Aw  k,-Ae Kk, As

apl = + + ;

L% Jmax] S Sx 8y
Sp[ i’ jmax] = aW[ i’ jmax] + aE[ i’ Jmax] + 615[ i’ jmax] + aN[i’ jmax] N aP[ i’ jmax];
end do;

Sty 5 = 800.0
(ay), 5 = 5.000
(), . = 5.000
(ds), - = 20.00




(aN)g, 5 =0
(ap), , = 30.00

] Sps, 5 = 0. (1.11)
Noeud (1,1):
> Su[l, 1]:=q0-Aw+ q0-As;
ayll, 1]:=0;
(1] k;-Ae
agll, 1] = ——;
E OX
agl, 1]:=0;
1] k;-An
ayl1, 1]:= ;
N 5y
k;-Ae  k;-An
ap[1, 1] := + ;
oy
Spll, 1] = ayl[1, 11+ ag[l, 11+ adl, 11+ ayl[1, 1]- ap[1, 1];
Su; =0
(aW) 1,1 =0
(aE)1 L= 5.000
(a5) 1,1 =0
(aN)1 L= 20.00
(ap)1 L= 25.00
i Spl, 1= 0 (1.12)
Noeud (imax,1):
Sul i, 1] = q0-As+ 22 Ae
> Su , = "AS )
[ bnax> 1]= 4 o
_ k,-Aw
| fnaw 1] = =75
ag| ?Inax, 1]:=0;
Ayl Ipaw 1] = 0;
g k,-An
a , 1] = ;
g k,-Aw N 2- ky-Ae N k,-An
ap| i .., 1]:= X
pl e 1] 8 S B
Sp[ . ax’ 1] = aW[ imax’ 1] + aE[ imax’ 1] + aS[ imax’ 1] + aN[ imax’ 1] - aP[ imax’
1];
Su4’ 1 = 400.0
(aW)4 L= 5.000
(aE)4’ 1 =0



(ay), , = 20.00
(ap), , = 35.00
Sp, 1 = —10.00 (1.13)

[ Noeud (1,jmax):
> Su(l, jpax] = 90-Aw+ q-An;

aW[l’ jmax] = 0;

_ k;-Ae
aE[l’ Jmax] = Sx 5
_ k;,-As
aS[l’JmaX] = 5y )
) k;-Ae  k;-As
aP[l’ Jmax] = Py + 5 ;
SPIL, Jmax] = Al Ls Jmax] + Qe[ L Jmax] T A L Jmax] T [ L Jimax] = 9p[ 1y Jmax |
Suy 5 = 800.0
(aW) 1,5 =0

(ag), - = 5.000
(ag), - = 20.00

(aN) 1,5 =0
(aP)1 = 25.00
i Spy 5 = 0. (1.14)
Noeud (imax,jmax):
_ ) 2- ky-Ae
> Sullpaxs Jmax] = 4-An+ TTO;
_ _ k,-Aw
aW[ Imax Jmax] = Sx ;

aE[ Inax jmax] = 0;

) ) k,-As
aS[ Inax Jmax] = Sy
aN[imax’ jmax] = 0;

] ] k,-Aw  2- k,rAe Kk, As
aP[ Ihaxs Jmax] = 5% + S + Sy ;
SP [ imax’ J:max] : aW[ imax’ jmax] + aE [ imax’ Jmax] + aS[ imax’ jmax] + aN [ imax’ jmax]

- aP[ Ihaxs Jmax];

Suy 5 = 1200.
(ay), - = 5:000

(ag), ,=0




(as), 5 = 20.00

(aN)4, 5 =0
(ap)4 S = 35.00
i Sp, 5 = —10.00 (1.15)
\ 4 _Equations:
| > k:=1:

[ Résolution pour les noeuds internes:
> forjfrom1to j ., do

forifrom1to i, do
Eq[K] == apl § jI-T1§, jl = ayl i, j1- Tli— 1, j]+ agl § jI- Tli+ 1, j]
+ad i, j1- T j— 1]+ ayl i, j1- T[4 j+ 1]+ Sul i, j;
Var[ k] := TIi, J];
k:=k+1;
end do;
end do;

[ Ecriture du systme d'équations:
> for kfrom 1 to Nedo Eq[ k] end do;

30.00 T, ; = 20.00 T , +5.000 T; , +5.000 T ,
30.00 Ty ; = 20.00 Ty , +5.000 T, | +5.000 T, ,
35.00 T, ; = 20.00 T, , +5.000 T; | +400.0
45.00 T, , = 20.00 Ty ; +20.00 T, 5 +5.000 T, ,
50.00 T, , = 20.00 T, ; +20.00 T, 5 +5.000 T, ,+5.000 T; ,
50.00 T, , = 20.00 Ty ; +20.00 T 5 +5.000 T, , +5.000 T, ,
55.00 T, , = 20.00 T, ; +20.00 T, 5 +5.000 T , +400.0
45.00 T, 5 =20.00 Ty ,+20.00 T, 4+ 5.000 T, 4
50.00 T, 5 = 20.00 T, , +20.00 T, 4 +5.000 T, 5 +5.000 T ,
50.00 Ty 5 = 20.00 Ty , +20.00 Ty 4 +5.000 T, 5 +5.000 T,
55.00 T, 5 =20.00 T, , +20.00 T, , +5.000 T, 5 +400.0
45.00 T, ;= 20.00 T, 5+20.00 T, 5+ 5.000 T, ,
50.00 T, , = 20.00 T, 4 +20.00 T, 5 +5.000 T; ,+5.000 T; ,
50.00 T, , = 20.00 Ty 5 +20.00 Ty 5 +5.000 T, , +5.000 T, ,
55.00 T, , = 20.00 T, 5 +20.00 T, 5 +5.000 T 4 +400.0
25.00 T; 5 =20.00 T, , +5.000 T, 5 +800.0
30.00 T, 5 =20.00 T, 4 +5.000 T; 5+ 5.000 T 5 +800.0
30.00 Ty 5 =20.00 T, +5.000 T, 5 +5.000 T, 5 +800.0
35.00 T, 5 =20.00 T, , +5.000 T 5+ 1200. (1.1.1)

:> Eqs := [seq(Eq[k], k=1..Ne)]:

| > Vars := [seq(Var[k], k=1..Ne)]:



> SolT := solve(Egs, Vars);
SolT := [[T},,=264.7, T, | =233.8, 13 | =1734, T, 1 =8843, T} , (1.1.2)

=2724,T, ,=241.1, T3 , =1795, T, ,=91.41, T} ;=288.0, T, 4
=256.0, T; 3=192.3, T, ;=98.08, T} ,=311.6, T, , =278.9, T; 4
=212.7, T, ,=110.2, T} s=343.3, T, s=310.2, T; s =242.1, T} 5
| =131.9]]

:> with(LinearAlgebra) :

_Forme matricielle:
> A, b:= GenerateMatrix(Eqs, Vars)

25.00 —5.000 0 0 —20.00 0 0 0 0

—=5.000 30.00 —5.000 0 0 —20.00 0 0 0

0 —=5.000 30.00 —5.000 0 0 —20.00 0 0

0 0 —5.000 35.00 0 0 0 —20.00 0

—20.00 0 0 0 45.00 —5.000 0 0 —20

A b= 0 —20.00 0 0 —=5.000 50.00 —5.000 0 0

0 0 —20.00 0 0 —=5.000 50.00 —5.000 0

0 0 0 —20.00 0 0 —5.000 55.00 0

0 0 0 0 —20.00 0 0 0 45.(

0 0 0 0 0 —20.00 0 0 —5.(
400.0
400.0

20 element Vector[column]

=> seq(b[i], i=1..Ne)
0, 0, 0, 400.0, 0, 0, 0, 400.0, 0, 0, 0, 400.0, 0, 0, 0, 400.0, 800.0, 800.0, (1.1.4)




| 800.0, 1200.

> seq(A[i i], i=1..Ne)

25.00, 30.00, 30.00, 35.00, 45.00, 50.00, 50.00, 55.00, 45.00, 50.00, (1.1.5)

L 50.00, 55.00, 45.00, 50.00, 50.00, 55.00, 25.00, 30.00, 30.00, 35.00

| Récapitulation:

> seq(seq(ayli jl, i=1.0,.),J=1.Jnax)

0, 5.000, 5.000, 5.000, 0, 5.000, 5.000, 5.000, 0, 5.000, 5.000, 5.000, O, (1.1.6)

. 5.000, 5.000, 5.000, 0, 5.000, 5.000, 5.000

> seq(seq(agli, jl, i=1.0,.), J=1.Jpax)

5.000, 5.000, 5.000, 0, 5.000, 5.000, 5.000, 0, 5.000, 5.000, 5.000, 0, (1.12.7)

. 5.000, 5.000, 5.000, 0, 5.000, 5.000, 5.000, O

> seq(seq(agi jl, i=1.0,,),J=1.Jpax)

0, 0, 0, 0, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00, (1.1.8)
20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00

> seq(seq(ayli jl, i=1.10.),J=1 Jnax)
20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 20.00, (1.1.9)
20.00, 20.00, 20.00, 20.00, 20.00, 20.00, 0, 0, 0, 0

> seq(seq(Suli jl, i=1.1...),J=1 Jpax)

0, 0, 0., 400.0, 0., 0, 0, 400.0, 0., 0, 0, 400.0, 0., 0, 0, 400.0, 800.0, 800.0, (1.1.10)

| 800.0, 1200.

> seq(seq(apli jl, i=1.i.),J=1.Jnax)

25.00, 30.00, 30.00, 35.00, 45.00, 50.00, 50.00, 55.00, 45.00, 50.00, (1.1.11)
50.00, 55.00, 45.00, 50.00, 50.00, 55.00, 25.00, 30.00, 30.00, 35.00

> seq(seq( Spli jl, i=1.1,,),J=1 Jnax)

0, o0, 0., -10.00, 0,0, 0., —10.00, 0., 0., 0., —10.00, 0., 0., 0., —10.00,  (1.1.12)
0,0, 0, —10.00

>



