Equation de Poisson 2D

Dr. Laid MESSAOUDI
Département de Mécanique

Université de Batna

Master : Energétique

Matiere : Méthodes Numériques Appliquées I

2011/2012

Détermination de la temperature 7'(x, y) a travers la surface d'une plaque rectangulaire (a x b) dont
les 4 extrémités sont soumises a des (C.L.) de Dirichlet et contenant une source de chaleur au centre.
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Conditions aux limites (C.L):
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V¥ Solution discrétisée par la formulation a S points:

;> Restart :
| > a:=5:b:=15:ndx :=20:ndy :=30:
| >p=1.:
> Avi= ——hi=04:0:=40:
ndx
1

Ax = — 1.1
I 4 (1.1)
> i =ndx+1;j = ndy+1;

b = 21




=31

L jmax =
Nombre d'équations:
>N = ( imax - 2) ’ (jmax - 2)
| N =551
| Maillage:
| > with(GraphTheory) : with(SpecialGraphs) :
> Gi= GridGmph( i

max’ J max)

[ > DrawGraph(G)
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Conditions aux Limites:

> forifrom1toi doT7[i 1]:= 0 enddo:

> forifrom 1 toi  do T[i,jmax] := (0 end do:
> forjfrom 1 to j . do7[l,j]:= 0enddo:

> forjfrom1to; do T[imax,j] := 0 end do:
[ > k=1

Résolution pour les noeuds internes

> forifrom2toi__ -1do

max
for jfrom2to; —1do

G = Graph 1: an undirected unweighted graph with 651 vertices and 1250 edge(s)
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Eqk]=T[i+1,j1+T[i—1j]+B(T[Lj+1]+T[ij-1]) —2-(1 + )

(1.2)

(1.3)

(1.4)



| Ecriture du systéme d'équations:

| > Eqs = {seq(Eq[i],i=1.N)}:

| > Tmps = [seq(Temps[i],1=1.N)]:

> SolT = solve(Egs, Tmps);

SolT = [[Tz, ,=11.29787266, Tz, 3 =19.48363808, Tz, 4= 25.80514549, Tz, 5 (1.1.1)

=30.85517014, Ty ,=34.96251618, T, ,=38.33258831, T, , =41.10494466,
T, ¢=43.37990039, T, |, =45.23217708, T, |, =46.71852040, T, |,
=47.88224531, Ty |, =48.75607715, T, |, =49.36398305, T, |5
=49.72235820, T, |, =49.84076825, T, , =49.72235820, T, |
=49.36398305, T, |, =48.75607715, T, ») =47.88224531, T, ,

= 46.71852040, T, , =45.23217708, T, ,, =43.37990059, T, ,,

= 41.10494466, T, 55 =38.33258831, T, ,, =34.96251618, T, ,,
=30.85517014, T, 5, =25.80514549, T, ,, = 19.48363808, T, 5,

= 11.29787266, T, , = 19.45785256, Ty , = 3458153416, T , =46.63177376,
T, s=56.40301890, T, (=64.41230628, T, ,=71.01289240, T,
=76.45728972, T, o =80.93248063, T, |, =84.58028732, T, |, =87.50965922,
T, |, =89.80438368, T, |, =91.52808024, T, |, =92.72749686, T, 5

= 09343468151, Ty |, =93.66835661, T, |, =93.43468151, T,
=92.72749686, T, |, =91.52808024, T ,, =89.80438368, T, ,

= 87.50065922, T, ,, = 84.58028732, T, ,, =80.93248063, T, 5,
=76.45728972, T, 55 =71.01289240, T, 5, = 64.41230628, T, 5,

= 56.40301890, T, 5 =46.63177376, T, 5, =34.58153416, T, 5,

= 19.45785256, T, ,=25.70200341, T, , =46.50287224, T, , = 63.48739648,
T, s=77.46282541, T, (=89.02079763, T, ;= 98.59938528, T, ,

= 106.5288412, T, = 113.0624449, T, |, = 118.3968323, T, | = 1226854455,
T, 1, = 1260475500, T, |, = 128.5743632, T, |, = 130.3332427, T, 5

= 1313705143, T, |, = 1317132952, T, |, = 131.3705143, T, |

= 1303332427, T, | = 1285743632, T, = 126.0475500, T, ,,

= 122.6854435, T, , = 1183968323, T, , = 113.0624449, T, ,,

= 1065288412, T, ,5 = 98.59938528, T, ,, =89.02079763, T, ,,
=77.46282541, T, 1, = 63.48739648, T, ,, = 46.50287224, T, 5,
=25.70200341, T ,=30.59728883, T, , = 55.99055493, T, , =77.10211451,
T, 5=94.69008864, T, (= 1093586735, Ty ;= 121.5850099, T ,

= 131.7462449, T o= 1401416254, T, | = 147.0091517, T; |, = 1525377404,
T, |, = 1568760074, T, |, = 160.1385801, T; |, = 162.4105962, T 5

= 163.7508380, T |, = 164.1937954, T |, = 163.7508380, T;

= 1624105962, T 1= 160.1385801, T; = 156.8760074, T ,




= 1525377404, T ,, = 147.0091517, T ,, = 140.1416254, T ,,

= 131.7462449, T; 55 = 121.5850099, T ,, = 109.3586735, T; ,

= 94.69008864, Ty 5, =77.10211451, T 5o =55.99055493, T 5
=30.59728883, T, , = 34.44639698, T, , =63.50994412, T, , =87.99041799,
T, 5= 1085867411, T, (= 125.8887980, T , = 140.3857358, T ,

= 152.4795032, T, o= 162.4986601, T, |, = 170.7104086, T, |, =177.3303570,
Ty |, = 182.5301593, T, |, = 186.4433536, T, |, = 189.1697240, T, 5

= 190.7784462, T, |, = 1913102104, T, , = 1907784462, T, |

= 189.1697240, T, o = 1864433536, T, = 1825301593, T, ,,

= 177.3303570, T, , = 170.7104086, T, , = 162.4986601, T, 5,

= 1524795032, T, ,5 = 1403857358, T, = 125.8887980, T ,,

= 108.5867411, T, ,, =87.99041799, T, ,, =63.50994412, T -,
=34.44659698, T, , =37.42915499, T, , =69.36220638, T, , =96.51287225,
T, s=119.5276597, T, (= 138.9740416, T, , = 155.3396322, T, ,

= 169.0373720, T, o= 1804131031, T, |, = 189.7534655, T, |, = 197.2931198,
T, |, =203.2209191, T, |, =207.6849511, T, |, =210.7964998, T,
2126330124, T, |, =213.2401536, T, |, =212.6330124, T, |
=210.7964998, T, |, =207.6849511, T, ,, =203.2209191, T ,,

= 1972931198, T, ,, = 189.7534655, T, ,, = 180.4131031, T ,,

= 169.0373720, T, 55 = 155.3396322, T, ,, = 138.9740416, T, ,,

= 119.5276597, T, 5 =96.51287225, T, 5, = 69.36220658, T, 5
=37.42915499, Ty ,=39.65781638, Ty , = 73.74685498, Ty , = 102.9212047,
T, 5= 1277869841, Ty (= 148.8900763, Ty , = 166.7113794, Ty ,

= 181.6672495, Ty = 194.1129150, T, |, =204.3472304, T, |, =212.6177376,
Ty 1, =219.1254462, Ty |, =224.0290318, Ty |, =227.4483119, T
=229.4669501, Ty o =230.1343793, Ty |, =229.4669501, Ty |
=227.4483119, Ty 1 =224.0290318, Ty 50 =219.1254462, T ,
=212.6177376, Ty 5, =204.3472304, Ty ;= 194.1129150, T, ,,

= 181.6672495, Ty 55 = 1667113794, Ty = 148.8900763, Ty 5,

= 127.7869841, Ty ,, = 102.9212047, Ty 5, =73.74685498, T 5,
=39.65781638, T,, , =41.20525556, T, , =76.79619230, T, , = 107.3881074,
Ty 5= 1335589955, T, ;= 155.8379002, T, , = 174.6985596, T, ,

= 190.5573316, Ty o =203.7740769, T, |, =214.6548037, T, |, =223.4551538,
Ty 1, =230.3840963, T, |, =235.6074180, T, |, =239.2507658, T, 5
=241.4020966, T, |, =242.1134635, T, |, =241.4020966, T, |
=239.2507658, T, |, =235.6074180, T, ,, =230.3840963, T, ,,
=223.4551538, T,, ,, =214.6548037, T, ,, =203.7740769, T, ,,

= 190.5573316, T, 55 = 1746985596, T, 5, = 155.8379002, T, ,

= 133.5589955, T, 5 = 107.3881074, T, o =76.79619230, T, 5,
=41.20525556, Ty, ,=42.11701354, T, ,=78.59455128, T}, ,

= 1100260370, Ty, 5= 136.9729904, T;, ,= 159.9539694, T} ,

= 179.4376272, Ty, = 195.8394402, Ty, o =209.5212574, Ty 1,
=220.7927537, Ty, |, =229.9139778, T, |, =237.0983670, T}, 5



2425157783, Ty,
=249.2652815, Ty,
2425157783, Ty,
=220.7927537, Ty,
= 179.4376272, Ty,
= 110.0260370, T;,,
= 4241824733, T,
= 138.1029599, T,
= 1975915447, T,
=232.0596368, T,
=248.6371948, T,
=250.8962143, Ty,
=239.3296156, Ty,
=211.4287588, Ty,
= 1613173596, T,
=79.18896223, Ty,
=78.59455128, T,
= 159.9539694, T},
=209.5212574, T,
=237.0983670, T,
=248.5272072, T,
=246.2952365, T,
2299139778, T,
= 195.8394402, T,
= 136.9729904, T,
=42.11701354, T,
= 1073881074, T
= 174.6985596, T
~214.6548037, T
=235.6074180, T},
=242.1134635, T,
=235.6074180, T,
=214.6548037, T,
= 174.6985596, T
= 1073881074, T
=39.65781638, T;,,
= 1277869841, T,
= 181.6672495, T,
=212.6177376, T,,
=227.4483119, T,
=229.4669501, T,
=219.1254462, T,
= 194.1129150, T,

14 =246.2952365, T
17 =248.5272072, T,
20 =237.0983670, Ty,
23 =209.5212574, Ty,
26 = 159.9539694, T,
29 =78.59455128, T
3=79.18896223, T;, ,

1§ =248.5272072, T,

51 =229.9139778, T},
., = 195.8394402, T,
L, =136.9729904, T,
10 =42.11701354, T},
= 110.8984990, T,

¢=161.3173596, T, ,=181.0085397, T, ¢
o=211.4287588, T, |, =222.8309757, T}, ,,

1, =239.3296156, T,
|5 =250.8962143, T,
g =248.6371948, T,
,; =232.0596368, T,
,,=197.5015447, T,
o, =138.1029599, T},
0 =42.41824733, T,
4= 110.0260370, T,
,=179.4376272, T,
10=220.7927537, T,

13 =242.5157783, T,
16 =249.2652815, T,
1o =242.5157783, T},
2, =220.7927537, T,
25 =179.4376272, T,
2 = 1100260370, T

,=41.20525556, T
5= 133.5589955, T}

¢ = 190.5573316, T o=203.7740769, T, |,
|| =223.4551538, T}
14 =239.2507658, T}
17 =241.4020966, T,
20 =230.3840963, T}
23 =203.7740769, T,
26 = 155.8379002, T
29 =76.79619230, T

s

16 =251.6432479, T,
1o =244.8120918, T,
1, =222.8309757, T},
.5 = 181.0085397, T},
1o = 110.8984990, T},

s
s
s
s
s

s

5=136.9729904, T,
¢ = 195.8394402, 7, ,
1 =229.9139778, T,
14 =246.2952365, T,
|, =248.5272072, T,
10 =237.0983670, T,
13 =209.5212574, T,
26 = 159.9539694, T,
2o =78.59455128, T,
3=76.79619230, T,
6= 155.8379002, Ty ,

1, =230.3840963, T,
|5 =241.4020966, T,
s =239.2507658, T,
5, =223.4551538, T},
1, =190.5573316, T},
L, =133.5589955, T

3=73.74685498, Ty, ,=102.9212047, T,

6= 148.8900763, T,

;=166.7113794, T},

13 =244.8120918, T

, 16
s =246.2952365, T
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,=42.11701354, T, ,
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30 =41.20525556, T,

o= 194.1129150, 7, |, =204.3472304, T}, |,
12 =219.1254462, T}, |5 =224.0290318, T, |,
15 =229.4669501, T, 1 =230.1343793, T,
1§ =227.4483119, T}, |4 =224.0290318, T;, ,,
21 =212.6177376, T, 5, =204.3472304, T, 5
24 = 181.6672495, T, 1< =166.7113794, T, ¢



= 148.8900763, T,
=73.74685498, T,
= 69.36220658, T,
= 138.9740416, T
= 1804131031, T
=203.2209191, T
=212.6330124, T,
=210.7964998, T,
=197.2931198, T
= 169.0373720, T
= 1195276597, T3
=37.42915499, T,
=87.99041799, T,
= 140.3857358, T,
= 170.7104086, T,
= 186.4433536, T},
= 1913102104, T
= 186.4433536, T,
= 170.7104086, T,
= 140.3857358, T,
=87.99041799, T,
=30.59728883, T,
=94.69008864, T,
= 1317462449, T,
= 1525377404, T,
= 1624105962, T,
= 163.7508380, T,
= 156.8760074, T,
= 140.1416254, T,
= 1093586735, Ty,
=55.99055493, T,
= 46.50287224, Ty
=89.02079763, T
= 113.0624449, T,
= 126.0475500, T
= 1313705143, Ty
= 1303332427, Ty
= 122.6854455, Ty
= 1065288412, Ty
=77.46282541, Ty

=25.70200341, T,
= 46.63177376, T,
=71.01289240, T,

30=39.65781638, Ty
4= 9651287225, Ty
,=155.3396322, Ty
10 = 189.7534655, T}
13 =207.6849511, T}
16 =213.2401536, 75
1o =207.6849511, T;5
2, = 189.7534655, T
25 = 155.3396322, Ty
25 =96.51287225, T
,=34.44659698, T 5
5= 108.5867411, Ty ¢
¢ = 152.4795032, Ty
11 = 1773303570, Ty
14 = 1891697240, T}
17 =190.7784462, T;
20 = 182.5301593, T ¢
23 = 162.4986601, Ty
26 = 125.8887980, T
29 =63.50994412, T ¢
3=55.99055493, T, ,
6= 109.3586735, T,

12 =156.8760074, T,
15 = 163.7508380, T},
15 = 162.4105962, T},
5 = 152.5377404, T,
24 = 131.7462449, T,
27 =94.69008864, T,
30 =30.59728883, T}
4= 63.48739648, Ty
,=98.59938528, T
10 = 118.3968323, T;¢
13 = 1285743632, Ty
16 = 1317132952, Ty
1o = 128.5743632, T}
2, = 118.3968323, T
25 =98.59938528, Ty
25 = 63.48739648, T
,=19.45785256, T,

,=37.42915499, T
= 119.5276597, Ty5 4
=169.0373720, Ty
|| =197.2931198, T
14 =210.7964998, T, 5
1, =212.6330124, T
50 =203.2209191, T
53 = 1804131031, T
,6 = 138.9740416, T
5o = 69.36220658, T
=63.50994412, T} ,
= 125.8887980, T ,
= 162.4986601, Ty 1,
12 = 182.5301593, T}
15 = 1907784462, T,
15 = 189.1697240, T,
21 = 177.3303570, Ty
24 = 152.4795032, Ty
2, =108.5867411, T}
30 = 34.44659698, T,
=77.10211451, T &

=121.5850099, T}

13 =160.1385801, 7,
6= 164.1937954, T,
1o =160.1385801, 7,
5, = 147.0091517, T,
55 =121.5850099, T,
b5 =77.10211451, T,
,=25.70200341, T
=177.46282541, T} ¢

=106.5288412, Ty

|1 = 122.6854455, Ty
14 = 1303332427, Ty
1= 1313705143, T}
20 = 126.0475500, T
23 = 1130624449, T,
26 =89.02079763, T
29 =46.50287224, T}
=34.58153416, T} ,

|5=56.40301890, T, ¢=64.41230628, T, ,
4 =76.45728972, T}, 4 =80.93248063, T}y |,

27 = 127.7869841, T, 1o =102.9212047, T, 5
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o= 140.1416254, T, | =147.0091517, T,

, 14
, 17
, 20
,23
, 26
,29



= 84.58028732, T} |,
=91.52808024, T 1,
=93.66835661, Ty
=91.52808024, Ty
= 84.58028732, Ty,
=71.01289240, T,
=46.63177376, T,y 1
= 11.29787266, Ty
=30.85517014, Ty 4
= 41.10494466, Ty,
= 46.71852040, Ty |,
=49.36398305, Ty 5
=49.72235820, Ty
=47.88224531, Ty 5,
= 43.37990059, Ty ,,
=34.96251618, Ty ,,
= 19.48363808, Ty -,

=87.50965922, T, 1,
=92.72749686, T 5
=93.43468151, T}, 4
= 89.80438368, Ty, 5,
=80.93248063, Ty 5,
= 64.41230628, T}, »,
=34.58153416, T, 5,
= 19.48363808, Ty, , =

= 89.80438368, T,
=93.43468151, T,
=92.72749686, T,
= 87.50965922, T},
=76.45728972, T},
~56.40301890, T},

25.80514549, Ty,

13
, 16
, 19
,22
,25

,28
= 19.45785256, T,

=34.96251618, Ty, ,=38.33258831, Ty
=43.37990059, Ty, |, =45.23217708, Ty ,
=47.88224531, Ty, |, =48.75607715, Ty, ,
=49.72235820, Ty, |, =49.84076825, T, |
=49.36398305, Ty, 1o =48.75607715, Ty, 5
=46.71852040, Ty, ,, =45.23217708, Ty 5,
= 41.10494466, Ty, ,; =38.33258831, Ty 56
=30.85517014, Ty ,, =25.80514549, Ty
~ 11.29787266 ]

[ > LT = [seq(Ty j=1 jpay)s Seq(rhs(SolT, ), i=1.N)]:

;> with(plots) :

> forifrom1toi , -2do Ns[i]:=i N end do:

L lmaX _2

> GTemps = [[seq(T| »j=1.jou) | [T5 > Seq(rhs(SolT| ), i=1.Ns\), T, , |,
P [[ (T, pJ Jma)][z,l q(rhs(SolTy ;) 1) 2,Jmax]

[T3 1,seq(rhs(SolT1 i),iZ
=Ns, + 1 ..NS3), T, ; ], [
"/max
[T@ b seq(rhS(Solle i)> i
=Nss+ 1. Ns6
[Tg 1,seq(rhS(LS‘olT1 1)
=Nsg +1 ..NS9), Ty i
"ma
Ty,
ma:
seq(rhs(SolT1 1.), i=
=Ns;, +1 ..Ns13), T147
T15,j
ma:
seq(rhs(SolT1 1.), i=
=Ns; + 1 ..Ns17), TlS,j
ma.
T19,j ]’ [Seq(Ti ,j’j: I "jmax)
L max max

Tracé des isothermes:
> listcontplot( GTemps, title

Ns; +1..Nsy), Ty,
ma
Ty 1. seq(rhs(SolT, ;). i=
=Ns, +1.Ns). Ty,
] [ s 1 Seq(rhs(SolT, ), i
=Ns, +1..Nsg), T,
], [Tll, - seq(rhs(SolT, ), i
], [Tm - seq(rth(SolTL ) i=
| Nsjy +1..Nsy),
; ] [TH, - seq(rhs(SolT, ), i=
], [Tm - seq(rh:(agozq ) i=
| Nsys +1..Nsg).

], [T19, r seq(rhs(SolTl’ 1.), i

I

], [T4’ b seq(rhs(SolTL 1‘), i

Nsy + 1 ..Ns4), TS,j ],
max

T, Seq(rhs(SolTl’ i)’ i

> 77
max

Ns6+l..Ns7),T&j ],
max
AT o, seq(rhs(SolT, .Y, i
ax] [ 10, 1 ‘1( ( 1,1)
=Nsy+ 1 ..Nslo),

T

Nsjp+1 ..Nsll), le,,/ ], [ 13, 1
max

T

]3’jmax], [TM’ b Seq(rhs(SolTl’ i)’ i

Ns;;+1 ..Ns14),

T

NS14+1..NS15), 17, 15

oy
max

T ], [Tl& l,seq(rhs(SolTl’i),i

]7"jma
=Ns;; + 1 ..Nslg),



="Countour des températures: Formulation 5 point - CL de Dirichlet 4+ Source",
axes = boxed, gridlines = true, thickness =2, coloring = [ blue, green])
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> listcontplot( GTemps, title

="Countour des temperatures: Formulation 5 point - CL de Dirichlet +
Source", axes = boxed, gridlines = false, thickness =1, coloring = [ blue, green],
filledregions = true)
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