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EXEMPLE 3

Détermination de la distribution de temperature 7(x) a travers une barre de section A, de
conductivité thermique k et de longueur L soumise a un flux convectif sur sa surface latérale et dont
les extrémités sont soumises l'une a une (C.L.) de Dirichlet et 1'autre a condition de neumann (bord
isolé).

d d _
a (k' S'ET(X)) —hp- (T— Tmf) =0
Conditions aux limites (C.L):
T(0)=T,=100,
Tinf: 20,
V¥ Solution
;> Restart : Digits := 4 :
>L = 1.0; o0 := 25; ndx :=5;
L:=1.0
o:=25
L ndx =5 1.1)
L
> Ax = ——
ndx ’
B Ax :=0.2000 (1.2)




> 0oy F= ndx;

b = 5
Nombre d'équations:
>N = imax
_ N:=5
Abscisses des noeuds:
>x[0] = 0;
for ifrom 1 to N do
Ax
x[i] = 3 + (i—1)-Ax;
end do;
x[N+1]:=1L;
Xy =
x, :=0.1000
x, :=0.3000
x5 :=0.5000
Xy = 0.7000
x5 := 0.9000
Xg = 1.0
_Conditions aux Limites:
> Ta := 100;
Ti :== 20;
Ta =100
L Ti =20
Noeuds internes:
>forifrom2 toN — 1 do
Spli] =-o-Ax;
Suli] == o-Ax-Ti;
. 1
ayli] == E;
agli] aglil;
ap[l] = aw[i] + ClE[i] —Splil;
end do;
Sp, = -5.000
Su, :=100.0
ay, =5.000
a, =5.000
ap =15.00
Sp3 = -5.000
Suy :=100.0
aW3 =15.000
a, :=5.000
ap =15.00
Sp, = -5.000

(1.3)

(1.4)

(1.5)

(1.6)



dyy, = 5.000

aE4 =15.000
aP4 =15.00
Noeud gauche:
2
>Sp[l] =-0-Ax — —;
v Ax
Sull] == o-Ax-Ti + L-Ta;
Ax
ay[1]=0;
1
agl1] = —;
£ Ax
ap[l] = aW[l] + CZE[I] —Sp[l],
Sp, = -15.00
Su, = 1100.
an =0
aE1 :=15.000
apl =20.00
_Noeud droit:

>Sp[N] :=-0a-Ax;
Su[ N1 := o Ax-Ti;

Sps = -5.000
Sus = 100.0
ay, = 5.000
ag, =
ap = 10.00
\ 4 Equations:
>k:i=1
k=1

Résolution pour les noeuds internes:
>for ifrom 1 to N do

k=k+1;
end do;

k=2

k=3

Eqlk] = ap[ il-T[i]=ay[ i]-T[i—1]+ag[ i]-T[1+ 1]+ Su[ i];

Eq, :=20.00 T, =1100. +5.000 T,

Eq, = 15.00 T,=5.000 T; +5.000 T, + 100.0

(1.7)

(1.8)

(1.9)

(1.1.1)



Eqy:=15.00 T, =5.000 T, + 5.000 7, + 100.0

k=4
Eq,:=15.00 T,=5.000 75 4+ 5.000 75 + 100.0
k=5
Eq5:=10.00 75,=5.000 7, + 100.0
k=6

[ Ecriture du systéme d'équations:
> for k from 1 to N do Eg[k] end do;
20.00 7, =1100. + 5.000 T,

15.00 T, =5.000 T, + 5.000 T; + 100.0
15.00 T, =5.000 T, +5.000 T, + 100.0
15.00 7,=5.000 T +5.000 T; + 100.0
10.00 T, =5.000 T, + 100.0
[> Egs == {seq(Eq[i],i=1.N)}:
>Tmps = [seq(T[1],1=1..N)];
Timps := [ T,, Ty, Ty, T, Ty

B SolT = solve(Eqs, Tmps);
SolT = [[Tl =64.23,7,=3691, T, =26.50, T, =22.60, T =21.30]]

;> with(LinearAlgebra) :
>A, b= GenerateMatrix(Eqs, Tmps) o _
20.00 -5.000 0 0 0 1100.
0 0 0 -5.000 10.00 100.0
A,b:=| -5.000 15.00 -5.000 0 0 , | 100.0
0 -5.000 15.00 -5.000 0 100.0
0 0 -5.000 15.00 -5.000 100.0

=Solution exacte:

>F(x) = (Ta—Ti)- cosh(/ o (L =x)) + Ti;
cosh(\/EL)

(Ta —Ti) cosh(y o (L—x))

cosh(ﬁ L)

F=x— +Ti

:> with(plots) :
>plot(F(x),x=0.L);
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B for i from 1 to N do
T[i] = rhs(SolT1 Z4)

end do;

0.6 0.8
X
T, = 64.23
T, =36.91
T, = 26.50
T, = 22.60
T, :=21.30

=> IpN = [[x[0], Ta], seq([x[i], T[i]],i=1..N) ]

[pN = [[0, 100], [0.1000, 64.23 ], [0.3000, 36.911], [0.5000, 26.50], [0.7000,

22.601, [0.9000, 21.30]]
Courbe Numérique:

> listplot(IpN, color = blue, gridlines = true)

(1.1.8)

(1.1.9)
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(> IpT = [seq([x[i], F(x[i])],i=0.N) ]
IpT =110, 100.0], [0.1000, 68.521], [0.3000, 37.871, [0.5000, 26.61], [0.7000, (1.1.10)
22.541, 10.9000, 21.221]

[ Courbe Théorique avec une liste de points:
> listplot(IpT, color = green, gridlines = true)
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[ Tracé des deux courbes ensembles:
> multiple(listplot, [IpN, color = blue, style = point, symbol = circle], [IpT, color = green,
style = line), color = black, gridlines = true)
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Erreur relative:
>for i from 1 toN do
x[i]:
Ili]:
(

04 05 0.6 07 0.8

0.9

F(x[i]) :
T[i] — F(x[i])
100
F(x[i])
end do:
Erreure relative
x[i] T(i] F(x[i]) Erreure relative
(%)
0.1000 64.23 68.52 -6.261
0.3000 36.91 37.87 -2.535
0.5000 26.50 26.61 -0.4134
0.7000 22.60 22.54 0.2662




0.9000 21.30 21.22 0.3770

> Pl = plot(F(x),x=0..L, labels =[x, T], legend = Solution exacte) :
P2 := plot(IpN, color = blue, style= point, legend = Solution numeérique) :
display({P1, P2}, gridlines = true);
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