
C0 semigroup of contractions

In all what follows X will be a Banach space on the �eld K = R or C.

1.De�nition A one parameter family St, t � 0 of linear bounded operators
from X into X is a semigroup if:
(i) S0 = I, the identity operator of X
(ii) St+s = StSs, for every t; s � 0

the linear operator A de�ned by A (x) = lim
t!0

Stx� x
t

, with domain

D (A) =

�
x 2 X : lim

t!0

St (x)� x
t

, exists
�
is the in�nitesimal generator of

the semigroup St.

2.De�nition A C0 semigroup of linear bounded operators on X is a semigroup
satisfying:

lim
t!0

Stx = x for every x 2 X, that is lim
t!0

kStx� xk = 0:

3.De�nition A C0 semigroup St, t � 0 on X satisfying kStk � 1;8t � 0
is called a C0 semigroup of contractions.

The following Theorem gives some useful properties of a C0 semigroup of
contractions:

4.Theorem Let St, t � 0 be a C0 semigroup of linear bounded operators on
X then we have:
(1). For each x 2 X the function t �! Stx from [0;1[ into X
is continuous on [0;1[.

(2). For all x 2 X and all t � 0, lim
h�!0

1

h

t+hZ
t

Ssx:ds = Stx

(3). For all x 2 X and all t � 0,
tZ
0

Ssx:ds 2 D (A) and

A

0@ tZ
0

Ssx:ds

1A = Stx� x

(4). For all x 2 X and all t > 0, Stx 2 D (A) and the function t �! Stx

is di¤erentiable from ]0;1[ into X and
d

dt
Stx = A (Stx) = StA (x) ;8t > 0

(5). For all x 2 X and all t > s � 0, we have:

Stx� Ssx =
tZ
s

A (Sux) :du =

tZ
s

SuA (x) :du

Proof:
(1). By de�nition 2 it is clear that the function t �! Stx is continuous at t = 0.
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Now take any t > 0 so that for h � 0 we can write St+hx� Stx = St: (Shx� x)
which implies kSt+hx� Stxk � kStk : kShx� xk � kShx� xk
since kStk � 1 by the contraction condition. But lim

h!0
kShx� xk = 0 by

de�nition 2. If h < 0 and t+h > 0 write St+hx�Stx = St+h: (x� S�hx), then
kSt+hx� Stxk � kSt+hk : kx� S�hxk � kx� S�hxk, because kSt+hk � 1. Fi-
nally use the fact lim

h!0
kx� S�hxk = 0 to get lim

h!0
kSt+hx� Stxk = 0:

So for both cases h � 0 and h < 0, St+hx� Stx goes to 0 as h �! 0:
(2). comes from the continuity of the function t �! Stx, proved in (1), and
usual properties of Riemann integral for Banach space valued functions.

(3). Fix x 2 X and h > 0, then we have
Sh � I
h

tZ
0

Ssx:ds =
1

h

tZ
0

(Ss+hx� Ssx) :ds

because the operator Sh � I : X �! X is continuous. So we write:

1

h

tZ
0

(Ss+hx� Ssx) :ds =
1

h

tZ
0

Ss+hx:ds�
1

h

tZ
0

Ssx:ds and evaluate each integral

as follows: making variable change s+ h = u we get

1

h

tZ
0

Ss+hx:ds =
1

h

t+hZ
h

Sux:du =
1

h

tZ
h

Sux:du+
1

h

t+hZ
t

Sux:du and

1

h

tZ
0

(Ss+hx� Ssx) :ds =
1

h

tZ
h

Sux:du+
1

h

t+hZ
t

Sux:du�
1

h

tZ
0

Ssx:ds

=
1

h

t+hZ
t

Sux:du �
1

h

hZ
0

Sux:du, letting h goes to 0 we get
1

h

t+hZ
t

Sux:du �! Stx

and
1

h

hZ
0

Sux:du �! x then
Sh � I
h

tZ
0

Ssx:ds �! Stx � x so we deduce that

tZ
0

Ssx:ds 2 D (A), and A

0@ tZ
0

Ssx:ds

1A = Stx� x:

(4). Let x 2 D (A) and t; h > 0, then by the semigroup property:
Sh � I
h

Stx = St
Sh � I
h

x =
St+hx� Stx

h
By the de�nition of D (A) and the continuity of the semigroup we get:

lim
h�!0+

Sh � I
h

Stx = St

�
lim

h�!0+

Sh � I
h

x

�
= StA (x)

This shows that Stx 2 D (A) and A (Stx) = StA (x) =
d+

dt
Stx

where
d+

dt
Stx is the right derivative of Stx at t.

For the left derivative take 0 < h < t and write t = h+ t� h
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so
Stx� St�hx

h
� StA (x) = St�h

�
Shx� x
h

�Ax
�
+ St�hAx� StA (x)

since

St�h�Shx� xh
�Ax

� � Shx� xh
�Ax

 because kSt�hk � 1
thus making h �! 0 gives lim

h�!0+
St�h

�
Shx� x
h

�Ax
�
+St�hAx�StA (x) = 0

�nally lim
h�!0+

Stx� St�hx
h

� StA (x) = 0:so the function t �! Stx is di¤eren-

tiable from ]0;1[ into X and
d

dt
Stx = A (Stx) = StA (x) ;8t > 0:

(5).For all x 2 X and all t > s � 0, we have to prove that:

Stx� Ssx =
tZ
s

A (Sux) :du =

tZ
s

SuA (x) :du

From point (4) we have
d

dt
Stx = A (Stx) = StA (x) ;8t > 0 then

we get point (5) by integration from s to t :
tZ
s

d

dt
Stx:dt = Stx� Ssx =

tZ
s

A (Sux) :du =

tZ
s

SuA (x) :du:�

Corollary
If A is the generator of a C0 semigroup of contractions St, t � 0 then
A is a closed operator with a dense domain D (A) :

Proof:
Let us start with some facts about closed operators.

Let X,Y be normed spaces and T : X �! Y a linear operator. The graph of T
is the subspace � of X � Y de�ned by � = f(x; T (x)) : x 2 Xg.
We say that T is closed if its graph � is closed in the product space X � Y
endowed with the product topology.

Remark: Let (xn) be a sequence in X and consider the conditions:
(i) xn �! x; n �!1
(ii) T (xn) �! y
(iii) y = T (x)

then it is easy to see that:
T is closed() (i) and (ii) =) (iii).
T is continuous() (i) =) (ii) and (iii) :

It is known that if T : X �! Y is linear continuous then T is closed.
But the converse is not true in general
(see any standard book on functional analysis).

going back to the proof of the corollary, let x 2 X and t > 0 then

put xt =
1

t

tZ
0

Ssx:ds; by point (3) of Theorem 4, xt 2 D (A) and

lim
t�!0+

xt = S0x = x this shows that D (A) is indeed dense in X:
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Now we prove that A is closed: let xn 2 D (A) be such that
xn �! x and A (xn) �! y when n �!1

we have to show that x 2 D (A) and A (x) = y:
By point (5) of Theorem 4, for any t > 0 we have

Stxn � xn =
tZ
0

SuA (xn) :du

but SuA (xn) �! Suy for each u because Su is a bounded linear operator.

Let t > 0 and � > 0 then 9N�;t � 1 such that n � 9N�;t =) kA (xn)� yk <
�

t
but Su is a contraction so
n � 9N�;t =) kSuA (xn)� Suyk � kSuk kA (xn)� yk <

�

t
then for n � 9N�;t we have

tZ
0

SuA (xn) :du�
tZ
0

Suy:du

 �
tZ
0

kSuA (xn)� Suyk :du < t:
�

t
= �

so for each t > 0

tZ
0

SuA (xn) :du�
tZ
0

Suy:du �! 0; n �!1 and we get:

for each t > 0 Stxn � xn �! Stx� x =
tZ
0

Suy:du

whence
1

t
(Stx� x) =

1

t

tZ
0

Suy:du for each t > 0

letting t �! 0 gives
1

t
(Stx� x) �! Ax and by point (2) of Theorem 4,

1

t

tZ
0

Suy:du �! y so Ax = y and A is closed.�
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