Solutions of Exercises (MEA-INT)
2

For every sequence (A,,), define the sequence (B,,) by the following recipe:
B1 = Al, 32 = AQ\Al, Bg = Ag\ (A1 U Ag) R 7Bn = An\ (g Az) yens
Prove that UA,, = > B,. It is clear that the B, are pairwise disjoint and

n
that B, C A,,Vn. Then > B,, C UA,.
Now we show that UA,, C > B,. Let x € UA,, so there is n > 1 such that
n n

n
x€A,. Putny=inf{n>1, z€A,}
this means that z € A,, and x ¢ U A, that is x € B,,,. Therefore for

1<ni

each x € UA,, there is n; such that z € B,,, which means that UA, C > B,,.
n n n

1

First we must add the missing condition: A € F = A¢ € F.
We have to prove that for every sequence (A,) C F we have U.4,, € F.
n

By the solution above we have UA,, = > B,, and by definition
n n

B = An\ <-S Ai> = A, NASNASN...NAS_,

so we have each A¢ € F and by condition (b) B, € F,Vn
moreover the sets B,, are paiwise disjoint and condition (c¢) implies > B,, € F
n

and since UA,, = > B, we deduce that U.A,, € F.

n
3

Let A be a family of subsets of a set X. If F is any subset in X, we define
the trace of A on E by the family ANE ={ANE,Ac A}.
Prove that o (ANE) = o (A)NE.

solution.

First we prove that o (A) NE is a o—algebra on E:

c(ANE={FCX:3K €0 (A) with F=KnNE}

(1) E€o(A)NE since E=XNE and X € 0 (A)

(2) let H € 0 (A)NE with H=KNFE and K € o (A)

we prove that the complement of H in F that is E\H is in o (A)NE

we have E\H = ENH =EN(KNE) =FENK®and K¢ € 0 (A)

so E\H € 0 (A)NE

(3) Let (H,,), be a sequence in o (A)NE with H, = K, N E, K,, € 0 (A)

then UH,, = (UKn) N E, and UK,, € o (A), since o (A) is a c—algebra.ll

n n n



4. Let S be a family of subsets of a set X. We say that S is a semialgebra if it
satisfies:

(a) ¢, X arein S

(b) If A,B arein S then ANBisin S

(c) If Aisin S then A° = Zn:A;97 where the sets A, are pairwise disjoint in S.
Prove that the algebra A (§ ) generated by the semialgebra S is the family
A= {A A= f:Sk, where the Sj are pairwise disjoint in S.}
solution. 1

S C A since any S € S can be written as S =5 4+ ¢ and S, ¢ are in S.
now we prove that A is an algebra:

Let A € A with A =3 Sk, then A° = 6.5;, we apply condition (c¢) to each
1
Si. and obtain:
N n Nk ni n2 nn
S'I(f = ZAZ]C, so A° = kﬂl.zAik = (ZA%) N <2A1k) Nn...N <ZA,“C) =
1 =17 1 1 1
21: 22: i A, NA;, N...NA;,, and since each A;, NA4;,,N..NA; isin S

i1=1io=1 in=1

we deduce that A€ isin A.
Let A = X:S;C and B = ZT both in A, then AN B = ZZ S NTj € A,

because S N T € S Vk,j. So A is an algebra, and since it contams S it also
contains the algebra A(S) generated by S, that is A(S) C A On the other

hand let A = ZSk € A, since each Sy is in S, we have A = ZSk € A(S) so
ACA(S) A

5. Let R the set of real numbers equiped with the usual topology, prove that
the family of all intervals is a semialgebra.

solution. Straightforward and left to the reader.l

8. Prove that for any sequence (A,,) in P (X) we have:
1. hm infA,, C limsupA4,

n

2. (lim iann)c = limsupA¢,

3. <limsupAn) = liminfA¢

solution,
Recall the frequently used De Morgan’s Laws:

c c
(UAi) =NA7, (QAz) = UA7
valid for any family {A;, i € I'}, where A° denotes the complement of the set A.



For any sequence (A,,) of sets, we defined the sets limsupA,, and liminfA,, by:

limsup4, = N U A
n n>1k>n

liminfA, = U N A
n n>1k>n

solution of 1. we have Vn > 1, N A, C U A, —
k>n k>n
whence U N A, C N U A
n>1k>n n>1k>n
we apply De Morgan’s Laws

(&

c

solution of 2. (limiann) = ( U n Ak> = N U Af =limsupAy,
n n>1k>n n>1k>n n

solution of 3. <limsupAn) = < n u Ak> = gl kg A$ = liminfA¢

n>1k>n

9. Let I4 be the indicator function of the set A, i.e I4(x) =1if z € A and
Ipn(z)=0ifz ¢ A.
Prove that for any sequence (A,,) in P (X) we have:

Dim supa,, = limsupla, and ljiminfa, = liminfl,,
n n n n

solution
we have to show that limsupa, () = limsupla, (z),Vz € X
n n

Dimsupa,, (z) =1l<=zx € Qlkg Ap<—=vVn>1,3k>n:z € A
50 I4, () =1 which is equivalent to limsupla, (z) =1

10. A family o of subsets of X is o—additive if:
(1) ¢ and X arein o
(2) If (A,,) is an increasing sequence in o then L#An €o
(3) For any A, B in 0 we have:
ACB= BnA‘co
ANB=¢=—= A+Beco
(a) prove that any o—algebra is a o—additive family
(b) let p, A be two measures on the same measurable space (X, F) such that
p(X)=x(X) < 0.
Prove that the family o0 = {4 € F: p(A4) = A(A4)} is o—additive.

(c) Let C be a family of subsets of X then prove that there exists a smallest
o—additive family on X containing C called the o—additive family generated
by C.

solution

(a) any o—algebra satisfies conditions (1), (2),(3), of a c—additive family

(b)leto={AcF: pu(A)=xA)}:

(1) is satisfied since p (X) = A (X) and p(¢) = A (¢) imply X, ¢ in o



(2) is satisfied by the sequential continuity of measures

(3) is satisfied because u, A are finite: A C B = (BN A°) = p(B)—u(A)

and A(BNA)=A(B)—A(A)so BNA®€co

(¢) It is not difficult to prove that the intersection N.o; of a family {o;, i € I}

of o—additive families is a c—additive family. Now we take the intersection
o (C) of all o—additive families o containing C, then it is clear that o (C') is the
smallest o—additive family on X containing C



