Chapter 5

INTEGRATION IN PRODUCT SPACES
Product Measure and Fubini Theorem

In this chapter we give without proofs the most important results on product
spaces useful in applications.Proofs are classical and in general simple.

1. Preliminaries and Notations

1.1 In all what follows, (X, F,u), (Y, G,v) will be fixed measure spaces.

1.2 Let us recall that the product o—field F ® G on X x Y is generated by the
family {A x B, with A € F, B € G}, (Definition 3.4 Chapter 1)

1.3 The set R will be endowed with its Borel o—field Bg. The set R? endowed
with the o-field Br2=Br ® Br(Theorem2.9Chap.3)

2. Product Measure

2.1 Definition

For any subset E C X xY and any (z,y) € X x Y, define:
the section of E at z, E, ={y €Y, (z,y) e X xY}
the section of F at y, By, ={z € X, (z,y) € X xY}

2.2 Proposition
For every E € F® G, E, € Gand E, € F.

2.3 Theorem
Suppose that the measure p and v are o—finite
then for every ' € F ® G, we have:
the function x — v (E,) is F measurable
the function y — 1 (Ey) is G measurable

Moreover we have /1/ (Ey) du = /,u (Ey) dv
X Y
Corollary.(Product measure)
Under the conditions of Theorem 1.6 the set function p ® v defined on F ® G
by:

/L@V(E):/V(EI) duz/ﬂ(Ey) dv, E€c F®§G

X Y
is a o—finite measure on F ® G. Moreover y ® v is the unique o—finite measure

on F ® G satisfying p ® v (A x B) = u(A).v(B) for every A € F,B € G.
3 Integration in Product Spaces

3.1 Definition Let f : X xY — R be any function and (z,y) € X xY, define:
fo: Y — Rby f. (y) = f(x,y) (section of f at x)
fy: X — Rby f,(x) = f(z,y) (section of f at y)



3.2 Proposition
Let f: X XY — R be F ® G-measurable then
fz is G-measurable and f, is F-measurable

3.3 Theorem (Fubini)
Suppose that the measure p and v are o—finite and f: X XY — R is F ® G-
measurable positive then:

the function z — /f (x,y) dv is F-measurable

the function y — / f(z,y) du is G-measurable

and we have:

/fa:y du@y—/d,u/fxy du—/dl//fa:y

X XY

3.4 Theorem (Fubini)
For every f € Ly (1 ® v) we have:

a/fa:y )dv e Ly (u and/fxy du € Ly (v)

/fxy du@l/—/du/fmy dV—/du/fxy

XxY
3.5 Application. (Convolutlon of functlons)

Let i be the Lebesgue measure on R,Bg and f,g : R — R be functions in
Ly (u), then:

/Iﬂx—w«mwndu@w<mﬁm%mx

Let us define the convolution of f and g by the function A: R — R:

/fx— ) i ()

Wedenotehbyh:f*g

Since /f (x—vy).g(y).du(y) < /|f(x—y)\\g(y)|d,u(y) < oo we deduce

R
that h G Ly (p)
3.6 Lemma
Under the definition above we have ||f x g|| < ||f]| . [lg| .-®



4 Convolution of Measures

4.1 Definition

Let us consider on the set R? endowed with the o-field Bre=Br @ Bg, the
transformation T : R?> — R given by T (z,y) = x + y which is measurable
because continuous. Let p; ® py be the product of two finite measures g, i,
defined on R, Br. The convolution p; * 5 of the measures pq, iy is the measure
on By given by: B € Be, (1, * 113) (B) = (1 @ ) (T~ (B)) . Then we have:
4.2 Proposition Let B € By and define:
T-*(B)],={yeRz+yeB}=B—x

[Tfl(B)]y ={zcRz+yeB}=B-y

then we get: (uy * f15) (B) = [ -pto (B — @) .pty (dz) = [ -py (B = y) -1 (dy)

by applying Fubini Theorem and the relation (p1; * f15) (B) = (11 ® o) (T-1 (B)) =
fXxY 'IT—l(B) (7, ). (11 ® po) (d, dy) .

Moreover if we take a function f : R — C integrable with respect to py * s

we obtain the following nice relation:

Jo £ () (g% pg) () = [p 1o (dy) fp f (@ +y) oy (dx) = [g 0y (d2) [ | (2 +y) g (dy)
4.3 Proposition With the definitions above we have:

(1) poy  pgy = pg * 1y

(2) (11 % 1) (R) = (11 ® o) (T71(R)) = (g @ ) (R?) = pay (R) .pap (R)

(3) pq % 6g = 0o * p; = p11, Op is the Dirac measure at 0.H



