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On the characterizations of some distinguished
subclasses of Hilbert space operators

C.BoOURAYA and A. SEDDIK

Communicated by L. Molndr

Abstract. In this note, we present several characterizations for some distin-
guished classes of bounded Hilbert space operators (self-adjoint operators, nor-
mal operators, unitary operators, and isometry operators) in terms of operator
inequalities.

1. Introduction and preliminaries

Let B(H) be the C*-algebra of all bounded linear operators acting on a complex
Hilbert space H, and let S(H), N(H), U(H), and V(H) denote the class of all self-
adjoint operators, the class of all normal operators, the class of all unitary operators,
and the class of all isometry operators in B(H ), respectively.

We use the following notations:

J(H) is the group of all invertible elements in B(H),

So(H)=S(H)NJ(H) is the set of all invertible self-adjoint operators in B(H),
No(H) = N(H)NJ(H) is the set of all invertible normal operators in B(H),
R(H) is the set of all operators with closed ranges in B(H),

Se-(H) = S(H) N R(H) is the set of all self-adjoint operators with closed
ranges in B(H),

o N (H)=N(H)NR(H) is the set of all normal operators with closed range
in B(H),

o (M), =Mn{xeX:|z|| =1}, where X is any normed space and M is a
subset of X,
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x ®y (where z,y € H) is the operator (of rank less than or equal to one) on
H defined by (z ® y)z = (z,y) z, for every z € H,
|S| is the positive square root of the positive operator S*S (where S € B(H)),
o S, is a generalized inverse of S € B(H) (is a solution in B(H), if it exists,
of the equations SXS =S, XSX = X; s0 SS; and 5,5 are projections in
B(H)),
e R(S) and ker S denote the range and the kernel of S € B(H), respectively,
e 7(S) is the spectral radius of an operator S € B(H),
e 'M = {AX:\eT, X € M}, where I and M are subsets of C and B(H),
respectively.
Recall that an operator S € B(H) is said to be paranormal if HSQxH > ||Sz||, for
every x € (H),. It is known that
(i) for every S € B(H), S has a generalized inverse if and only if S € R(H);
(i) if S € R(H), then there exists a unique generalized inverse denoted by S+
(the Moore—Penrose inverse of S) such that SS* and STS are orthogonal
projections onto R(S) and R(S™*), respectively;
(iii) if S € R(H), then R(ST) = R(S*) and ker ST = ker S*;
(iv) if S € R(H), then there exists a unique generalized inverse denoted by S# (the
group inverse of S) such that SS# = S#S is a projection onto R(S) = R(S#);
(v) if S € J(H), then S~1 = S+ = §#.
An operator S € R(H) is an EP operator, if R(S) = R(S*), or equivalently STS =
SST. Note that any normal operator with a closed range is an EP operator, but

the converse is not true even in a finite-dimensional space.
The ascent and descent of an operator S € B(H) are defined by

asc S = inf{p € NU {0} : ker(S?) = ker(SP*1)},
dsc S = inf{p e NU{0} : R(SP) = R(SpH)}7

where inf () = oo; if they are finite, they are equal and their common value is called
the index of S and it is denoted by ind S. An operator S € B(H) is group invertible
(that means S has a group inverse) if and only if ind S < 1. We denote by J1(H) the
set of all operators S € B(H) such that ind S < 1; it is clear that J(H) C J;(H).

Any nonzero operator S € R(H) has the matrix representation S = [%1 502}
with respect to the orthogonal direct sum H = R(S) @ ker S*, and then ST =

* —1

{2;_1 8}, where K = 5157 4+ 5255 maps R(S) onto itself and K > 0. Moreover,
if ind S < 1, then S; is invertible and S# = {Sgl 55532]. It is easy to see that
S € R(H) is an EP operator if and only if Sy = 0 and S; is invertible; in this case

St =5% = [Sgl 8} (see [2]).
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If S € R(H) and U |S| is the polar decomposition of S, then S+ = |S|T U*,
where U is an isometry on R(S*) = R(|S5]).

The purpose of this paper is to give several characterizations of some distin-
guished subclasses of B(H) in terms of operator inequalities.

We start with the following elementary characterization of the distinguished
subclass N (H):

VS e B(H), (S e N(H)) = (VX € B(H), ||S*X]| = |ISX])). (N)

One of the most important operator inequalities in operator theory is the
Arithmetic-Geometric Mean Inequality (see [7]):

VA,B, X € B(H), |A"AX + XBB*|| > 2||[AXB||. (AGMIN)
By the triangle inequality, it follows from this last inequality that
VA,B, X € B(H), |A*AX| + || XBB*|| > 2||AXB]||. (AGMI2)

Note that the operator inequality (AGMI1) is a particular form of the famous
Heinz inequality (see [5]). In [4], it was proved that the operator inequality (AGMI1),
the Heinz inequality, and four others inequalities hold (by using a direct proof) and
follow from each other. In the next proposition, we state new operator inequalities
that are equivalent to (AGMI1).

Proposition 1. The following operator inequalities hold and follow from each other:
(1) VA,B,X € B(H), |A*AX + XBB*|| > 2||AXB]|,

(2) VS,R € S..(H), VX € B(H ) |SXRt 4+ STXR| >2||SStTXRTR],
(3) VS,R € Sc.(H), VX € B(H), ||S?°X + XR?|| > 2||SXR|,

(4) VS, R € So(H), VX € B(H ||SXR L+ S7IXR| > 21X,

(5) VS, R € S(H), VX € B(H ||S2X+XR2|| >2||SXR|,

(1') VA, X € B(H), ||A*AX + XAA*H > 2||AX A,

(2') VS € S.,.(H), VX € B(H ) [SXST +StXS| >2|SSTXStHS|,
(3') VS € Ser(H), VX € B(H), [|S*°X + XS?|| >2|SX5S|,

(4') VS € So(H), VX € B(H ||SXS +S71xS|| > 2)X],

(5') VS € S(H), VX € B(H ||52X + X8| >2(SXS9|.

Proof. In [4], it was proved that the operator inequalities (1), (4), and (4’) hold
and follow from each other.

It is easy to see that the equivalence (1) < (5) holds (by using the polar
decomposition of an operator).
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(1) = (2). Assume (1) holds. Let S, R € S..(H), X € B(H). Since S = S*SS*
and R = RTRR*, then from (1) it follows that

|SXR* + STXR| = |

>2||SSTXRYR|.

5*S (S*XR*) + (S*XR*) RR*

Hence (2) holds.

The implications (2) = (4), (1) = (3), and (3) = (4) are trivial. Hence the
operator inequalities (1)—(5) are equivalent.

Going from pairs of operators to single operators, we deduce that the operator
inequalities (1)—(5") are also equivalent.

Then the inequalities (1)—(5), and (1")—(5") given by the proposition hold and

follow from each other. -

In the next proposition, we present a class of operator inequalities that are
equivalent to (AGMI2).

Proposition 2. The following operator inequalities hold and follow from each other:
(1) VA, B, X € B(H), |A*AX||+ || XBB*| = 2[|AXB]|,

(2) VS, R € Nev(H), VX € B(H ) ISXRF|| + [|STXR[| > 2[|SSTXRTR]
(3) VS,R € Nev(H), VX € B(H), ||S2°X||+ || XR?|| > 2||SXR],

(4) VS, R e No(H), VX € B(H U+ ||STIXR|| = 21X,

(5) VS,Re N(H), VX € B(H H52 |+ || XR?|| > 2|SXR],

(1) vA, X € B(H), IIA*AXII + [ XAAT]| = 2 [|[AX A,

(2') VS € Nep(H), VX € B(H ) [SXST| + [[STXS] > 2[SSTXSTS|
(3) VS € N (H), VX € B(H), ||S2X]| + || XS5?]| > 2(SX 9],

(4') VS e No(H), VX € B(H ), SXSTH|+||s71xs| = 21X,

(5') VS e N(H), VX € B(H), ||S2X|| + || XS?|| > 2[SXS]|.

Proof. (1) = (2). Assume (1) holds. Let S, R € N..(H),X € B(H). Since S* =
S*SSt and R* = RYRR*, it follows from (1) and (N) that

|SXR*||+|STXR|| = ||5*S (STXRY)||+||(STXR*) RR*|| > 2||SSTXRTR||.

Hence (2) holds.

(2) = (3). Assume (2) holds. Let S, R € N..(H), X € B(H). Then from (2)
and since SSTS =S, RRTR = R, and STS, RR™ are orthogonal projections, it
follows that

|S2X|| + | XR?|| > ||S (SXR)R™|| + ||ST (SXR) R)|
> 2||SS* (SXR) R*R|| = 2| SXR] .

Thus (3) holds.
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(3) = (4). This implication is trivial.
(4) = (1). Assume (4) holds. Then the following inequality holds:

VS,R e No(H), VX € B(H), ||S*°X|| + | XR?|| > 2[|ISXR]|.

Let A,B, X € B(H). Put P = |A|, Q = |B*|. It is clear that the two operators
P + €l and @ + €l are normal and invertible, for every € > 0. So, using the last
inequality, we obtain

Ve >0, (P +el)’X[| + | X(Q+el)?|| > 2[(P +el)X(Q + el)].

By letting € — 0, we deduce (1).

(1) = (5). This follows immediately by using (V).

(5) = (3). This implication is trivial.

Therefore the operator inequalities (1)—-(5) are equivalent.

Going from pairs of operators to single operators, we deduce that the operator
inequalities (1')—(5) are also equivalent.

(1) = (1’). This implication is trivial.

(1) = (1). This follows immediately by using the Berberian technique.

Therefore the inequalities (1)—(5), and (1')—(5’) follow from each other. It
remains to prove that one of them holds. It is clear that (1) is an immediate
consequence of (AGMI1). But here, we shall give a direct proof of (1) independently

f (AGMI1) by using the numerical arithmetic-geometric mean inequality. Let

A,B, X € B(H). Then we have

1 * * * Ax
SUATAX| +IXBB"|) > V[|A*AX[IXBB*| > /[ BB*X* A AX]|

>\/r(BB*X*A*AX) =\/r(B*X*A*AXB) =||AXB|. 4

From Proposition 1 with the single operator case, we may introduce the fol-
lowing properties generated by operator inequalities:

VX € B(H), |SXS™'+57'XS|| > 2|X]|, (S€I(H)), (PS1)
VX € B(H), ||S?°X + XS?| > 2(ISXS|, (Se€R(H)), (PS2)
VX € B(H ]SXS* +5TXS|| >2||SStXSTS|, (SeR(H)), (PS3)

VX € B(H), ||S?°X + XS?|| > 2(|SXS|, (Se€B(H)). (PS4)

Using Proposition 1, property (PS1) is satisfied for every S € C*Sy(H), each
of the two properties (PS2), (PS3) is satisfied for every S € CS,,(H), and property
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(PS4) is satisfied for every S € CS(H). Note that Corach—Porta—Recht ([1]) proved
with another motivation and independently of (AGM1I1) that property (PS1) is
valid for every S € Syo(H).

From Proposition 2 with the single operator case, we may introduce the fol-
lowing properties generated by operator inequalities:

VX € B(H), ||SXST| +[|STIXS|| = 21X, (S€I(H)), (PN1)
VX € B(H), ||S*°X|| + || XS?|| >2[SXS|l, (S€R(H)), (PN2)

VX € B(H ||SXS+|; +||5TXS|| > 2|SSTXSTS||, (SeR(H)), (PN3)
VX € B(H), ||S2X||+||XS?|| = 2(ISXS|, (Se€BH)). (PN4)

Using Proposition 2, property (PN1) is satisfied for every S € Ny(H), each of
the two properties (PN2), (PN3) is satisfied for every S € N..(H), and property
(PN4) is satisfied for every S € N'(H).

So it is interesting to describe the subclasses characterized by the above prop-
erties that are generated by operator inequalities related to the known arithmetic-
geometric mean inequality. This kind of problem was introduced in [9], by consid-
ering the Corach—Porta—Recht inequality ([1]). It was proved that property (PS1)
characterizes exactly the subclass C*So(H) (the subclass of all rotations of invertible
self-adjoint operators in B(H)). Two other characteristic properties of the above
subclass C*Sy(H) were given in [10] by

VX € B(H

XS =[S XSsT 4 5T XS

, (SeJ(H)), (PShH)

VX € B(H

|SXS +S7IXS|| = ||S* XS+ 571X S

|, (S € 3(H)). (PS6)

Concerning the subclass No(H) of all invertible normal operators in B(H), it
was found that it is characterized by property (PN1) (see [10]), and also by three
others (see [10], [12]) given by

VX € B(H), ||[SXSTH +[[STIXS|| =||S* XS +[|ST'XS*||,  (PN5)
VX € B(H SIS =[S xS +|]STIXS|,  (PN6)
VX € B(H ||SXS H+[sTIxs|| <[ xS +[|]sTIxs*|,  (PN7)

where S € J(H).

It is clear that the two properties (PS2), (PS3) (resp. (PN2), (PN3)) are
extensions of property (PS1) (resp. (PN1)) from the domain J(H) of invertible
operators to the domain R(H) of operators with closed range.

Acta Scientiarum Mathematicarum 84:3-4 (2018) (© Bolyai Institute, University of Szeged



Characterizations of some distinguished subclasses of Hilbert space operators 617

Recently ([13]) it was showed that
(i) CS.-(H) is characterized by each of the two properties (PS2), (PS3) and
by each of the two following properties:

VX € B(H S*X ST + 8T XS*

50X =

, (SeR(H)), (PST)

VX € B(H), |SXST +STXS|| > [|S XS + ST XS5, (S € R(H)), (PS8)

(i) the class N..(H) is characterized by each of the two properties
(PN2), (PN3) and by each of the following two properties:

VX e B(H

XSH| + |5t x5,

(PN8)

VX € BH), ||SXSH| +||STXS| > ST XS5*H| + |sTXS|.  (PN9

where S € R(H).
In [8], we found another characterization of the above class N,,.(H) given by

VX € B(H

), [|SXST|| + | STXS|| < ||S*XST| + ST XS

(PN10)

where S € R(H).

Note that property (PS4) (resp. (PN4)) is an extension of property (PS2)
(resp. (PN2)) from the domain R(H) to the maximal domain B(H).

Concerning the two subclasses characterized by the properties (PS4), (PN4)
are still unknown; but the subclass characterized by (PS4) contains CS(H) and the
subclass characterized by (PN4) contains N'(H).

In the finite-dimensional case (here R(H) = B(H)), (PS4) is exactly (PS2),
(PN4) is exactly (PN2), then each of the properties (PS3), (PS4), (PS7), (PS8) (resp.
(PN3), (PN4), (PN8), (PN9), (PN10)) characterizes CS(H) (resp. N'(H)). So, in
the infinite-dimensional case, we may state the following two open problems:

Problem 1. Does property (PS4) characterize the class CS(H)?
Problem 2. Does property (PN4) characterize the class N (H)?

Remark 1. Let the following obvious inequality hold:

S2X|| + || xS?
oxen, XIS ey,
We may associate to it the following property:
VX € B(H), |S*X[| [ XS] = [[SXS, (S € B(H)). (PN11)

Acta Scientiarum Mathematicarum 84:3-4 (2018) (© Bolyai Institute, University of Szeged



618 C. Bourayva and A. SEDDIK

Note that from above, property (PN11) implies property (PN4).

From inequality (N) and using the same argument as used in the last part of
the proof of Proposition 2, we find that the inequality (PN11) is satisfied for every
normal operator in B(H).

Conversely, let S € B(H) satisfy property (PN11). By taking X = 2 ® y in
(PN11), where z,y € (H);1, we find the following:

Y,y € (H)i, S*2y|| = |Isz|* 157y -

|5%]l|

From this, it follows that || S| = [|S]|%, and then ||S?z|| > [|Sz|*, [|S*2z|| >
|S*2||?, for every € (H);. Then S and S* are paranormal. Using [14], we deduce
that S is normal. Therefore, the property (PN11) characterizes the class N'(H).

In this note, we will
(1) cousider the following properties (extensions of the properties (PN5),
(PN6), (PN7) from the domain J(H) to the domain J;(H)):

VX € B(H), ||[SXS#|| +||S*XS| = ||S*X5%| + ||s# xS, (PN12)

VX € B(H), ||SXS#| + ||S#XS| = [|S*XS#| + ||s# X5, (PN13)

VX € B(H), ||SXS#| + || S*XS|| < [|S*XS#*|| +||S* XS, (PN14)

where S € J1(H);

(2) give some new properties as follows:

VX € B(H), ||S* XS+ SXS*| =2|SXS|, (Se€BH)), (PS9)

VX € B(H), ||S*XS +SXS*|| >2|SXS|, (S€B(H)), (PS10)

VX € B(H), ||S*XS+ SXS*|| <2|SXS|, (SeR(H)); (PN15)

(3) give a characterization of a subclass of nonnormal operators, precisely the
subclass V(H) of all isometry operators in B(H).
We will prove that
(i) each of the three properties (PN12), (PN13), (PN14) characterizes N, (H),
(ii) each of the two properties (PS9), (PS10) characterizes CS(H), and property
(PN15) characterizes N (H),
(iii) the subclass V(H) is characterized by the following property:

VX € B(H), | X[+ STXS| <2|5XS*

|, (Se(R(H))y). (PID)
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2. Subclasses of normal operators and characterizations

In the next proposition, we shall extend the three properties (PN5), (PN6), (PN7)
from the domain J(H) to the domain J; (H) (where the usual inverse is replaced by
the group inverse). We show that each of these extensions characterizes the class

Ner (H).

Proposition 3. Let S € J3,(H). Then the following properties are equivalent:
(i) S € No(H),
(il) VX € B(H), ||SXS#|| + || S#*XS| = |
(ili) VX € B(H), ||SXS#| +||s#XS| < |
(iv) VX € B(H), ||SXS#| + ||s#XxS|| > |

b

S*XS#|| + ||S# X S|
S*XS#| + ||s#FX S|,
|S* X S#|| + ||s# XS .

Proof. (i)==(ii). Assume (i) holds. Since S# = ST, (ii) holds using (PN8).
(ii)==(iii). The implication is trivial.
(iii)==(i). Assume (iii) holds. Let X = S(S)2S — S+*S25*. Since S*SST =
S+tSS* = §* and SSTS# = S#S5TS = S#, we obtain that

S*XS#* = §*S(S1)288% — §* St 25t s# = §*StSSs# — §*StSSH# =0,
S#XS* = S§#S5(51)288* — §# ST §25t S = §# 5SS — §# S5t S* =0,
S#*XS = S#S(ST)28S — §#ST525TS = §#5(S1)28% — §#8,
SXS# = 88(ST)288# — §St 628t S# = §2(S1)258# — SSF.

Applying (iii) for X = 5(S1)25—5+525F, we get that || S?(S+)255% — S5#||+
||S"7£AS’(AS”+)2;S'2 fS#SH = 0. Then ||A5'75/CS(5”F)252 — S#SH =0, so S#85+252 —
S#S = 0. Using the matrix representation with respect to the orthogonal direct
sum H = R(S) @ ker S* of the operators S, ST, and S# given in the introduction,
we obtain that

G gat2e? _ S;K'S;K 'S} + S;'SeS5 K 'Si K18}«
0 0
. I Sf152
10 0
= S#*S

(where I is the identity on R(S)). Hence S; K 1S K 15245, So S5 K1 S; K187 =
I. Tt follows that S (8157 + SoS5)K~1SfK~15? = I,. Thus S;'S;K~'S? = I,
which implies that S;S; K~ = I;. So K = 515;. Consequently Sy = 0. Since S is
invertible, S is an EP operator.
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Now applying again (iii) for X = X; @ 0 (where X; € B(R(S5))), we obtain

VX1 € BR(S)),

S1X0 S|+ |18 XSy [|< | SE X ST 4+ ST XSy |-

Using (PN7) with the Hilbert space R(S), we find that S; is normal. Hence
S is normal.

(i)==(iv). This implication is trivial.

(iv)==(i). Assume (iv) holds. If we put X = 2z ® y (where z,y € H) in (iv),
then we obtain

Va,y € H,||Sz| ||(S#)*y

|+ %[ 1Syl = 152l [|(S#)"y

|+ || S| ISyl -

From this last inequality, it follows that ker S = ker S*. Then S is an EP
operator. Hence S = S; @ 0 with respect to the orthogonal direct sum H =
R(S) @ ker S, and where S is an invertible operator in B(R(S)). Applying (iv) for
X = X; &0 (where X; € B(R(S5))), we obtain the following inequality:

VX, € B(R(S)),

S5+ [l 8| = s xs | + sy xs

Then from this last inequality and using (PN6) with the Hilbert space R(S),

we obtain that 57 is normal. Therefore .S is normal. -

Remark 2. Note that the domain J(H) (resp. J1(H), R(H)) is for the existence of
the usual inverse (resp. the group inverse, the Moore—Penrose inverse). The three
properties (PN8), (PN9), (PN10) are extensions of (PN5), (PN6), (PN7) from the
domain J(H) to R(H), where the usual inverse is replaced by the Moore-Penrose
inverse and each of them characterizes N,,.(H). In the above proposition, it was
proved that each of the properties (PN12), (PN13), (PN14) characterizes also the
class N.-(H), and these properties are the extensions of the properties (PN5), (PN6),
(PN7) from the domain J(H) to J1(H ), where the usual inverse is replaced by the
group inverse.

Problem 3. Consider the following extension of property (PN1) from J(H) to
J1(H), and where the usual inverse is replaced by the group inverse:

VX € B(H), ||SXS*|| + | S*XS| = 2| Ss*XxS#S||, (Sed(H). (P)

Note that the extension (PN3) of (PN1) from J(H) to R(H) (where the usual
inverse is replaced by the Moore-Penrose inverse) characterizes the class N.(H).
But the class characterized by the extension (P) of (PN1) contains strictly N, (H)
(if dim H > 2): if S € N..(H), then S# = ST and applying (PN3), we obtain
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that S satisfies property (P). It is easy to see that any projection of ®B(H) satisfies
property (P) (since, if S € B(H) is a projection, then S# = § = §2). If dim H > 2,
B(H) contains nonnormal projections (oblique projections).

So, it is interesting to describe the class characterized by property (P).

In the two next propositions, we introduce new forms of properties generated
by operator inequalities.
We will use the following two facts, which are easy to verify:
(i) if S € 3(H), then S is unitary if and only if [|S|| =1 = ||S7!||,
(iii) if S € J(H), then S is normal if and only if S*S~! is unitary.

Proposition 4. Let S € R(H). Then the following two properties are equivalent:
(1) S € N.-(H),
(2) VX € B(H), ||S*XS +SXS*|| <2|SXS|.

Proof. The proof is trivial if S = 0. Assume now that S # 0.

(i)=(ii). The implication follows immediately using the triangle inequality
and property (N).

(il)==(i). Assume (ii) holds. We shall prove (i) in two steps.

Step 1. Suppose that S is invertible. Then applying (ii) for X = S=1(S~1)*,
we obtain

1|55 7H|" = || S5 (5* S~ + 1| < 2|57~

Hence [|S*S~!|| = 1. On the other hand, we remark that (ii) holds if we replace
S by S*. It follows that ||S*S™t|| =1 =[|(S*S~!)7!|. So, we have that 5*S~" is
unitary. Thus S is normal.

Step 2. The general case S € R(H).

If we put X = 2z ® y (where z,y € H) in (ii), we obtain

Yo,y € H, [|S"c @ S*y + Sz @ Syl| < 2|5z | S*yll .

From this last inequality, it follows immediately that ker S* = ker.S. Then S is
an EP operator. Hence S = S7 @ 0 with respect to the orthogonal direct sum
H = R(S) @ker S*, and where S; is invertible. Applying (ii) for X = X; ®0 (where
X1 € B(R(S)), we obtain

VX, € B(R(S)), ||S; X181 + S1X157]| <251 X151].

From Step 1, S; is normal. Hence S is normal.
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Corollary 1. The following property characterizes the class No(H):

VX € B(H), ||S*S™'Xx + x5 1s*

<2X|, (SedH).  (PNIT)
Remark 3. From the above proposition, property (PN14) characterizes the class
Ner(H).

Problem 4. Is it true that the class of all normal operators in B(H) is characterized
by
VX € B(H), |S"XS+SXS*|| <2|SXS||, (SeB(H))? (PN18)

Proposition 5. Let S € B(H). Then the following three properties are equivalent:
(i) S e CS(H),
(ii) VX € B(H), ||S* XS+ SXS*|| =2]|SX9],

(iil) VX € B(H), [|S* XS+ SXS*|| > 2| SXS].

Proof. The proof is trivial if S = 0. Assume now that S # 0.

The two implications (i)==-(ii) and (ii)==-(iii) are trivial.

(iii)==(i). Assume (iii) holds. By taking X = 2 ® y (where z,y € (H),) in
(iii), we obtain

Va,y € (H)y, [1S2| 15"yl + ISz [ [Syll = 2{|Sz[| | S"y] - (A)
From (A), we deduce that
Va,y € (H)y, [SIUS™ =]l +[|Sz[]) = 2[|S=[| | S*yll -
By taking the supremum in the above inequality over y € (H),, we deduce that
Vo € H, ||S™z|| > ||Sz] . (B)
Using the same argument as before, we deduce from (A) that
Ve e H, ||Sz| > ||S*z]| . (C)

Them from (B) and (C), we obtain that S is normal. So from (iii) and (N), it follows
that
VX € B(H), |STXS+SXS*|| =|5"XS||+ ||ISXS*]. (D)

Let now X € B(H) and put A = SXS*, B = §*XS. Then from (D), we
deduce that

1A + IBI* + 2| Al | B]| = (A + B)*(A+ B)|| = |A"A + B"B + 2Re(B" A)|
< A" + 1B +2(|B*All < | Al* + | BII* + 2 | All | B].
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Hence, ||B*Al| = || A||||B]| - So, we have
VX € B(H), |S*XS|[|SXS*| = [|(S*XS5)" (SX5*)

E

Since S # 0 and S is normal, we may choose a vector y € H such that Sy # 0
and S*y # 0. By taking X = 2 ® y (where z arbitrary in H) in the last inequality,
we obtain that || S*z|| ||Sxz| = [(S*z, Sz)| for all x € H.

Thus S*z and Sz are linearly dependent, for every « € H. Since S is normal,
then for every € H such that Sz # 0, there exists a complex number A(x)
(depending on ) of modulus one such that S*x = A(z)Sz. By taking X =2 ®y in
(D), for z,y € H such that Sz # 0, Sy # 0, we deduce that |1 + A\(z)A(y)| = 2 and
so A(x) = A(y). Hence there exists a constant real number 6 such that S*z = ¥ Sz,
for every z € H. Thus S* = ¢S, Put M = ¢'%S. Then M is self-adjoint in B(H)

and S = e~"% M. Therefore (i) holds. -

Corollary 2. The class C*Sy(H) is characterized by each of the following two prop-

erties:
VX € %(H), S*STIX + XSTLS*|| =2 X, (S €I(H)), (PS11)

VX € B(H), |S*ST'X + XS7IS*|| = 2|X]||, (S€I(H)). (PS12)

Remark 4. From the above proposition, we deduce that each of the two propositions
(PS9) and (PS10) characterizes exactly the class CS(H).

3. Isometry operators and characterizations

Concerning the third distinguished subclass $1(H) of all unitary operators in B(H),
it was characterized by each of the following three properties (see [11]):

VX € B(H), ||SXS™'+S7'XS| <2|X|, (Se@(H)),), (PU1)
VX € B(H), |SXSTH|+||ST'XS||=2X], (S€(3(H),), (PU2)
VX € B(H), [|SXSTH| +|STXS| <20X]l, (Se(@(H)),).  (PU3)

In this section, we shall characterize the class V(H) (that contains U(H)) of
all isometry operators in B(H), and we deduce another characterization of {(H).

An operator S € B(H) is called quasinormal if S and S*S commute.

It is known that if S € R(H) is a partial isometry, then S* = ST.

Proposition 6. Let S € (R(H)),. Then the following two properties are equivalent:
(i) SeV(H),
(i) VX € B(H), || X|| + [|STXS|| <2|ISXST].
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Proof. The implication (i)==-(ii) is trivial.
(il)==(i). Assume (ii) holds. We prove (i) in three steps:
Step 1. We prove that S is injective.
If we replace X by x ® y (for z,y € H) in (ii), we obtain

Va,y € H, | llyll + [|S* || 1Syl < 2[1S=] [|(S)"y] -

By taking x € ker S and choosing y # 0 in the above inequality, we obtain that
x = 0. Hence S is injective.

Step 2. We prove that (S?)*S = S+.

Since S is injective with a closed range, S2 is also injective with a closed range.
Thus ST = (S?)TS5? = 1.

It is known that S* is the unique solution of the following four equations:
SXS =9, X5X =X, (X9)"=XS, (SX)* = SX. It is easy to see that (S?)TS
satisfies the first three equations. Now, we prove that (S2)*S satisfies the last
equation. Since the operator S(S?)*S is a projection, it suffices to prove that its
norm is less than or equal to one. By taking X = S(52)*S in (ii), we obtain

[S(SHFS|| +|STS(S*)TSS|| < 2[[SS(S*)TSST|| < 2[S%(S*) T [|S5T] < 2.

Thus ||S(S?)*S|| < 1. Hence S((S?)*S) is a projection of norm less than or
equal to one. Thus S(S%)*S is a self-adjoint projection. So (S?)*S satisfies the
above four equations. Therefore (S2)*S = S+.

Step 3. We prove that S € V(H).

Since S%(S?)T = SSTS5%(S?)*T and SST, S?(S?)* are self-adjoint, S%(S?)T =
S2(5%)*SST. So from Step 2, we obtain S?(5?)T = S2(S*)2. Since S? is injective,
we have (S1)? = (52)7.

Returning to (i) and replacing X by SX.ST, we obtain

VX € B(H),|

SXST| + X < 2]S*X (5.

Put P = |S|, R = |S?|. Since S and S? are both injective with closed range, P
and R are invertible. By taking the polar decomposition of each of the two operators
S and S? in the last inequality, we obtain

VX € B(H), |PXP7'| + | X|| < 2||[RXR™. (%)
If we replace X by R™'XR in the above inequality, we obtain

VX € B(H),

PRT'XRP™'|+||RT'XR|| < 2[|X].
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So from (PN1), we get that
VX € B(H), |[PRT'XRP™'||+|R'XR|| <|[RXR'|| +||[R'XR|.
Thus for all X € B(H), |[PRT'XRP'|| <|[RXR™"| . Hence
VX € B(H), HPR—2X (PR—2)’1H < x|l

So, we obtain that for all X € B(H),
and replacing X by R™2XR?, we find

PR™2XR?P~'|| = ||X||. Using again (x)

VX € B(H), ||PR?XR*P7'|+|R*XR?| <2||R'XR].
So, we have || X ||+[| R™2X R?|| < 2||R"'XR|| for all X € B(H). Thus,
VX € B(H), |[RXR™"||+|RXR| <2(X].
Using (PU3) and since R is positive, we obtain R = ||R||I. Then (x) becomes
VX € B(H), ||[PXP7'||<|X].

Thus 1 < ||P|| HP’1H = SUp| x|=1 |PXP~| < 1. Hence ||P|||P7|| = 1. So we

have P = ||P|| I = I. Hence S*S = P? = I. Therefore S € V(H). -

Remark 5. From the above proposition, property (PI1) characterizes V(H).
From the preceding proposition, we can obtain the following corollary:
Corollary 3. The class $A(H) is characterized by each of the following two properties:

VX € B(H), | X[+ ||[SXS7| <2]S7'XS|

, (5 (3(H))y), (PU4)

VX € B(H), |X| +||S7'XS|| <2]sxs5~"

, (5 e(3(H)),)- (PUS5)

Proposition 7. Let S € (R(H)),. Then the following properties are equivalent:
(i) S is a direct sum of an isometry and zero,
(ii) S is a partial isometry and quasinormal,

(i) VX € B(H), | X|| + [|SXST|| > 2|ST XS] .

Proof. (i)<(ii). This equivalence follows immediately from the definitions and
elementary properties of a partial isometry operator and a quasinormal operator.

(il)==(iii). Assume (ii) holds. Then S = 5*S?, so we have R(S) C R(S*).
Using Douglas’s Theorem [3], we obtain ||Sz| > ||S*z||, for every € H. Hence,
ISX]| > ||IS*X]||, for every X in B(H).
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Now let X € B(H). Then we have || X| > [|S*XS|| = ||ST XS] (since ||S]|=1
and S* = ST), and

[[SXST|| = ISXS5*| > [|S*XS5*|| = [|SX*S|| > [|S*X*S|| = |S* X 5| = [|ST XS]

Hence || X|| + [|SXST| > 2| ST XS]|. This proves (iii).

(iii)==(ii). Assume (iii) holds. It follows immediately that 1 + ||S*] ||S] >
2[[SF|[IS]]- Hence [|S*|[ S]] < 1. Thus [[ST||[|S]| = 1, so [[ST|| = [|S]| = 1. Using
[6, Theorem 3.1], S is a partial isometry.

It remains to prove that S is quasinormal. By taking X = Sz ® Sz (where
x € H) in (iii), we obtain

Vo e H, ||Sz|? + ||S%|* > 25" Sx|? . (1)
Since S* is also a partial isometry,
Ve e H, |S*Sz|| = |Sz]. (1)

From (f) and (f), we obtain the inequality||S2z|| > ||Sx| for all 2 € H. Since
|S|| = 1, we have||S%z|| = ||Sz|| for all z € H.
Hence S*(I — 5*S)S = 0 (where I — S*S > 0). Then (I — 5*S)S = 0. So

S =(5*5)S =5(5*S). Therefore S is quasinormal. .

As an immediate consequence of the above proposition, we have the following
corollary:

Corollary 4. The class $\(H) is characterized by each of the following two properties:
VX € B(H), | X+ [|SXS7Y| =2||S7'XS|, (Se€(3(H),), (PUG)

VX € B(H), |X]+]S7'XS| >2|sx57"

, (S e(3(H)),)- (PUT)

As an immediate consequence of both Corollary 3 and Corollary 4, we deduce
the following characterization:

Corollary 5. The class s\(H) is characterized by the following property:
VX € B(H), | X[+ ||[SXS7!|=2]|S7'XS|, (S€@(H)),). (PUS)
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