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On the norm of elementary operators
in standard operator algebras
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Communicated by L. Kérchy

Abstract. Let A be a complex normed algebra. For A, B € A, define a basic
elementary operator M4 g : A — Aby My p(X)=AXB.

Given a standard operator algebra A acting on a complex normed space
and A, B € A we have:

(i) The lower estimate |[Ma g + Mp al| > 2(v/2 — 1)||A|||| B| holds.

(ii) The lower estimate |Ma g + Mp all > ||A|||| B holds if

inf ||A+ AB| = ||A]| or inf ||B+ M| = ||B]-
AeC AeC

(iii) The equality |[M4 g + Mp, 4|l = 2||Al||| B]| holds if
|A+ XB| = ||A]| + ||B|| for some unit scalar .

These results extend analogous estimates established earlier for standard
operator subalgebras of Hilbert space operators.

1. Introduction

Let A and B(H) be a complex normed algebra and the C*-algebra of all

bounded linear operators on a complex Hilbert space H, respectively. For A, B € A,
define a basic elementary operator M4 p: A — A by Map(X) = AXB. An
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elementary operator is a finite sum Ra,p = Y.y Ma, B,, where A = (4A1,..., A,)
and B = (By,..., B,) are two n-tuples of elements of A.

Many facts about the relation between the norm of M4 g + Mp 4 and the
norms of A, B are known (e.g. [2], [3], [5] etc.). In a prime C*-algebra (a prime
C*-algebra is a C*-algebra where M4 g = 0 implies A = 0 or B = 0), Mathieu [3]
proved that ||Ma gl = ||A|| ||B|| and | Ma, 5 + Mp.al|l > (2 /3) ||A]l || B||. The most
obvious prime C*-algebras are B(H) and Co(H) (the C*-algebra of all compact
operators on H). In [5], Staché and Zalar investigated in a standard operator
subalgebra of B(H) (a standard operator subalgebra of B(H) is a subalgebra of
B(H) containing all finite rank operators; it is not assumed that it is selfadjoint or
closed with respect to any topology), where they proved that |Ma g+ Mp al|l >
2(v/2 — 1) ||A|| | B|| and they conjectured the following:

Conjecture 1. Let A be a standard operator subalgebra of B(H). The estimate
|Ma g+ Mg all > ||A|| | B|| holds for every A, B € A.

Note that this conjecture was verified in the following cases [6, 2]:
(i) in the Jordan algebra of symmetric operators of B(H),
(ii) for A,B € B(H) such that infyec ||[A+ AB|| = ||A]| or infyec ||B+ M|
= 1B
Here, we are interested in the more general case where A is a standard
operator algebra acting on a complex normed space. We shall prove that
IRazll = sup{IS0, F(A)g(B)|: f.g € (A%),}, for any two n-tuples A —
(A1,...,A,), B = (Bi,...,B,) of elements of A (where (A*); is the unit
sphere of A4*). As a consequence of this main result (in our general situa-
tion), we show that the Staché—Zalar lower bound remains true, and the estimate
|Ma, g+ Mg, al > ||A]| | B|| holds if one of the following conditions is satisfied:
(1) infacc |4+ ABI| = |IA],
(2) infacc 1B + A = 1B,
(3) infaec A+ ABI| < (1/2)[14],
(4) infaec | B+ A < (1/2)]|B].
So the conjecture of Stach6—Zalar (in our general situation) remains unknown

only in the case:
(5) (1/2) [|All < infrec|[A+AB| < [|A] and (1/2) [[B|| < infrec||B + AA[| <
|B]-
On the other hand, we are interested in the following problem:
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Problem 1. Let A be a standard operator algebra acting on a complex normed
space. For which n-tuples A, B of elements of A does the equality |[Ra gl =
S [l 4]l |B;]] hold? In particular, for which A,B € A does the equality
[Ma,B + Mp,all = 2 ||A]l || B]| hold?

2. Preliminaries

If Q is a complex Banach algebra with unit I, then the algebraic numerical
range of an element A in Q is by definition Wy(A) = {f(A4) : f € P(Q)} (where
P(Q) ={feQ:f(I)=1=|fI}), the numerical radius of an element A in Q
is by definition w(A) = sup {|A| : A € Wy(A4)}, and the joint algebraic numerical
range of an n-tuple A = (A4;,...,A,) of elements of Q is by definition Wy(4) =
(A, .., F(A) s f € P}

The numerical range of an element A in B(H) is by definition W(A) =
{{Az,z) : z € H,|z|| =1}. It is known [7] that if A € B(H), then Wy(A) =
W(A)~ (where W(A)~ denotes the closure of W(A)).

Definition 1. Let FE be a complex normed space and let A denote a subalgebra of
B(E). A is called a standard operator subalgebra of B(H) if it contains all finite
rank operators.

Notation 1.
(1) For (z, f) € E x E* and A, B € A, we denote by
(i) z ® f the operator defined on F by (z ® f)y = f(y)z,
(ii) Ua,p the operator defined on A by Us p(X) = AXB+ BXA,
(iii) Va,p the operator defined on A by V4 p(X) = AXB — BXA.
(2) We denote by (E); the unit sphere of E.
(3) Let K be a bounded subset of C and let M, N C C"; we denote by
(i) |K| the non-negative number sup {|\| : A € K},
(ii) by M o N the subset {> i, i3 : (a1,...,an) € M, (B1,...,0,) € N}
of C.
The purpose of this paper is to extend the following theorems in more general
forms.

Theorem 1. [5] Let A be a standard operator subalgebra of B(H). Then |Uga gl >
2(v2=1) A Bl for any A, B € A.
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Theorem 2. [2] Let A,B € B(H) such that infyxec ||A+AB|| = ||4| or
infrec [|B+ AA[l = [|Bl|. Then [Ua,sll = Al BI|-

Theorem 3. [4] Let A be a standard operator subalgebra of B(H) and A,B € A
such that w(A*B) = ||A|| | B||. Then |Ua.gll =2|A| || B]l-

Remark 1. It is known [1] that if A,B € B(H), then ||[A+ AB| = || A|l + || Bl
for some unit scalar A if and only if w(A*B) = ||A]| ||B||. So Theorem 3 may be
reformulated as follows:

Let A be a standard operator subalgebra of B(H) and A, B € A such that
|A+ ABJ| = ||A|| + || B]| for some unit scalar A\. Then [|[Ua gl = 24| || B]-

3. A lower bound of the norm of R4 g

In this section, we consider a standard operator algebra A acting on a complex
normed space F.

Theorem 4. Let A = (Ay,...,An) and B = (By,...,By) be two n-tuples of ele-
ments of A. Then

n

S f(Ag(By)

i=1

[1Ra,Bll = Sup{

:.f7g € (A*)l}
Proof. Let z,y € (E)1, f,g € (A*); and h € (E*);. Then we have:

|Ra,5Bl i(z® h)B

Y

n

> h(Biy) A

i=1

Y

>
2t

Thus [Ra sl > supy,_y IS0 h(Biy) Al = [0, h(Big) il So that
[R5l > X0 h(Biy) F(An)| = |7 (S0, F(4)By).

Then [Ras] > sup {|h (7 f(4)Biy)| - h € (B0} = |0, f(A) Byl
Hence [Rapll > supy, o IXim f(A4)Biyll = ISi, f(A)Bill.  Therefore
|Rasll = [0 F(A)g(B).
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Corollary 1. Let A = (A41,...,A,) and B = (B1,...,By,) be two n-tuples of ele-
ments of A such that |y Al = Yy 1Al and |0, Bill = S0y Bl Then
IRa,sll = 322 1Al 1Bl

Proof. From the hypothesis |7, A;|| = >0, |4l and [|>0-, Bl = Yy || Bill
and using the Hahn-Banach theorem, we may choose fo,go in (A*); such that
f()(Ai) = HA1|| and go(Bi) = HBlH7 for 1 = 1, e,

So from Theorem 4, we obtain:

[R5l =

> fo(Ai)go(Bi)
i=1

=> I 4l11Bil-
=1

Then the result follows immediately.

The next corollary is a particular case of the above result.

Corollary 2. Let A, B € A such that ||A+ AB|| = ||A|| + || B|| for some unit scalar
A Then |[Uasl =2/ All[|B].

Remark 2. The above result gives a general form of Theorem 3.

Corollary 3. Assume E is a Banach space and A= B(E). Let A = (A1,...,A,)
and B = (By,...,B,) be two n-tuples of elements of A. Then

|Ra,B| = [Wo(A) o Wo(B)|.

Proof. The proof follows immediately from the above theorem and since P(A) C

(A)1.
| |

Corollary 4. Let A, B € A. Then ||Ua gl > 2(v/2—1)||A] || B

Proof. We may assume without loss of the generality, that ||A|| = || B|| = 1.
For every f,g € (A*)1, we obtain from Theorem 4:

(1) 1UaBll = [f(A)g(B) + f(B)g(A)|

Applying inequality (1) for g = f, we obtain:

(2) 1Ua.sll = 2[f(A)f(B)].
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By the Hahn—-Banach theorem, we may choose fo and gg in (A*); such that

fo(B) = go(4) = 1.
Put fo(A) = a and go(B) = .
For f = fp and g = go inequality (1) yields :

(3) [Ua,sll =2 [1+aB] = 1—[af].
Applying inequality (2) twice for f = fy and for f = gg, we obtain:

(4) 1Ua,Bll > 2|
(5) 1Ua,sll = 28]

From (3), (4) and (5), we obtain |U g|>+4 Uz > 4 |af|+4(1—|a8]) = 4.

Therefore |Ua 5| > 2(v/2 — 1).
[

Remark 3. Note that the estimate given in the above corollary is obtained by
Stach6—Zalar in the particular case of a standard operator algebra acting on a
Hilbert space, see [5]; but here we have obtained it, using another way, in a more
general situation.

Corollary 5. Let A, B € A such that infyec ||[A + AB|| = ||A|| or infrec ||B + M|
= ||B||. Then:

(i) 1Uasll = 1A 1B,

(i) [[Va,sll = [IA[ ]| BII-

Proof. If infcc ||A 4+ ABJ| = || 4], then by using the Hahn—Banach theorem, there
exists fo in (A*); such that fo(B) = 0 and fo(A) = ||A||. So by Theorem 4, we

btain:
o 105l = sup {1fo(A)g(B) + fo(B)g(A)] : g € (A1)
WVas ]l = sup {/o(A)a(B) — fo(B)gl(A)| : g € (A")1}.
Thus
{ [Uasll = 1Al sup {lg(B)] : g € (A1} = [ A] | B

IVa, |l = [[Allsup {lg(B)| : g € (A")1} = [|A[|B] - -

Remark 4. Corollary 5 (i) gives a general form of Theorem 2 and it is obtained by
a direct proof.
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Theorem 5. Let A,B € A such that infyec||A+AB|| < (1/2)]||A]] or
infacc [|B+ AA[l < (1/2)[|B||. Then |Uasl = [ All[|B]|.

Proof. Suppose infyec ||[A+ AB| < (1/2)||4].

By a simple computation, we obtain that V4 p = Vaiyap,B, for all complex A.
Then [|[Va 5|l < 2infrec ||A+ AB| || B||.

Thus [Vasll < [A[lIB|. Since [|Uasll + [Vasll = [Uas+ Vasl =
2[|AIIBI, so [|Ua,sll = [|Al | B-

By the same argument, we obtain the theorem with the second condition.
]

Remark 5. From Corollary 5 (i) and Theorem 5, we have obtained that the con-
jecture of Staché—Zalar (in our general situation) is verified in the following cases:

(1) infrec |[A + AB|| = [|A]],

(2) infaec || B + Al = || B,

(3) infaec |4+ ABJ| < (1/2)[|Al],

(4) infaec [|B + AA[| < (1/2)[B].

So, it remains unknown only in the case where (1/2)||A]| < infyec [|[A+AB]| <
|A]l and (1/2) B < infrec | B+ AA| < || B]|.

Theorem 6. Let A, B € A. Then ||Ua gl > (1/2)||Va,5ll-

Proof. We may assume without loss of the generality, that || B|| = 1.

By the Hahn-Banach theorem, there exists fy in (A*); such that fo(B) = 1.
Put fo (A) = .

It follows from Theorem 4 that

1Ua.8ll = sup {[fo(A)g(B) + fo(B)g(A)| : g € (A")1} = [[A+ aB| .

Since [[Va gl = [Vatap,sll < 2[|A+ aBl|; then [Ua,g[l = (1/2) [[Va 5]l
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