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Abstract

In this survey, we shall present the characterizations of some distinguished classes
of bounded linear operators acting on a complex separable Hilbert space in terms of
operator inequalities related to the arithmetic—geometric mean inequality.
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1 Definitions and notations

Let B(H) be the C*-algebra of all bounded linear operators acting on a complex
separable Hilbert space H, and let N'(H), S(H), and U (H) denote the class of all
normal operators, the class of all selfadjoint operators, and the class of unitary operators
in B(H), respectively.
(1) We denote by
J(H), the group of all invertible elements in ‘B(H),
R(H), the set of all operators with closed ranges in B (H),
S,(H) =S(H) N J(H), the set of all invertible selfadjoint operators in B(H),
Ser(H) = S(H) N'R(H), the set of all selfadjoint operators with closed ranges in
B(H),
o N,(H) =N (H)NJ(H), the set of all invertible normal operators in B(H),
o N, (H) =N(H)NR(H), the set of all normal operators with closed ranges in
B(H),
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U (H) =S,(H) NU(H), the set of all unitary reflection operators in B(H),

u @ v (where u, v € H), the operator of rank less or equal to one on H defined
by (u ® v) x = (x, v) u, forevery x € H,

F(H)={x®y:x, ye H}, the set of all operators of rank less or equal to one
on H,

|S|, the positive square root of the positive operator S*S (where S € B(H)),
{S}/ ={X e€B(H): SX = XS}, the commutant of S (where S € B(H)),

(M), ={x € M : |x|| =1}, for M be a subset of some normed space,
KoL={Y" B :(a,....,;,) €K, (B,.....,B) €L}, forL, K CC",
n>1,

| = SUp,, e |y|, where I' is a bounded subset of the field of scalars,

e 'M={m:1eTl, me M}, where M is a subspace of some vector space, and

I" is a subset of the field of scalars.
E’, the topological dual space of a normed space E.

(2) If A is a (real or complex) unital normed algebra, and A € A, then

we denote by o (A) and r(A), the spectrum and the spectral radius of A, respec-
tively,

we denote by V(A) and w(A), the algebraic numerical range and the numerical
radius of A, respectively,

e A is called normaloid, if w(A) = ||A]l,
e A is called convexoid if V(A) = coo (A),
o if A = B(H), then V(A) = W(A) (where W(A) is the closure of the usual

numerical range of A).

(3) For S € B(H), let R(S) and ker S denote the range and the kernel of §,

respectively.

(4) It is known that for S € B(H), then S € R(H) if and only if there exits an

operator ST € R(H) satisfying the four following equations:

of

SStS =25, STSST =581, (SST)* =§85F, (§T8)* =ST5.

Then the operator S if exists is unique, and it is called the Moore-Penrose inverse
S, and it satisfies that SS* and STS are orthogonal projections onto R(S) and

R(S*), respectively. It is clear that if § € J(H), then ST = S~!, andif S € B(H) is
a surjective operator (resp. injective with closed range), then SS™ = I (rep. STS = I).

(5) For every S in R(H),

we associate the 2 x 2 matrix representation S = [%‘ %:| with respect to the
orthogonal direct sum H = R(S) @ ker S*,

the operator S is called an EP operator if R(S*) = R(S), or equivalently S, = 0

-1
and S, is invertible; in this case St = |:Sb 8j| ’

if S is normal, then it is an EP operator.

(6) Let E be a (real or complex) normed space, and let 8 = B(E) denote the

normed algebra of all bounded linear operators acting on E.
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() LetA=(A,,...,A,), B=(B,,...,B,) be two n-tuples of elements in 5:
(-) we define the elementary operator (induced by A, B) R, , on B by:

n
VX e®B, R, ,(X) = ZA,,XB,.,
i=1

(.) we denote by R(®B), the vector space of all elementary operators on ‘B,
(.) we define the map d(.) : R(®B) — R by:

VR € R(®B), d(R) = sup IRCOI
[ X ||=1=rank X

(.) we consider the tensor product space
n
BB = {ZAI. ®B :n>1, A, B eB, i= ln}
i=1
(.) we denote by |||, the injective norm on B ® B given by:

= sup
fage(%’h

> f(A)e(B)

i=1

i=1 2

(ii) For A, B € ‘B, we define the particular elementary operator U, , (called the
Jordan algebra of symmetric operators) on 5 by:

VX € B, U, ,(X) = AXB + BXA.

(7) For two vectors x, y in a given (real or complex) inner product space, the
relation x /y (that means x, y are linearly dependent) holds if and only if || x + Ay|| =
[lx]|+ly]l , for some unit scalar 1. The two above conditions make sense in any normed
space and the first condition implies the second, but the converse is false in general. So,
we may introduce a new concept of the parallelism relation in the geometry of normed
space as follows: for x, y in a given normed space, we say that x is norm-parallel to
y (x| y),if [|x +Ay|l = |Ix]| + |lyll, for some unit scalar A (this new concept of
parallelism in the geometry of normed space was introduced in [16]). Note that this
last relation is reflexive and symmetric, but not transitive.

2 Introduction

My main purpose of this survey paper is to present our characterizations (presented
in several papers) of some distinguished classes of bounded linear operators acting on
H, namely, the selfadjoint operators, the normal operators, and the unitary operators,
in terms of operator inequalities.
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Our first motivation was the so-called Corach—Porta—Recht inequality.
In [6], Corach et al. proved that for every invertible selfadjoint operator S € B(H),
the following operator inequality holds

VX € B(H),

‘SXS_I—i—S_lXSH > 21Xl 2.1)

So, itis interesting to describe the largest class of all operators S € J(H) satisfying
(2.1). It is clear that this class contains (C), S,(H), and in [14], we had shown that
it is exactly this class (C), S;(H) (the class all rotation of all selfadjoint operators
S € J(H), or also the class of all operators S € N, (H) whose spectrum lies in a
straight line through the origin).

Note that (2.1) is an immediate consequence of the known arithmetic—geometric
mean inequality given as follows:

VA,B,X € B(H), |A*AX+ XBB*|>2|AXB]|. (2.2)

We consider a second version of the arithmetic—geometric mean inequality which
follows immediately from (2.2) given as follows:

VA,B,X € B(H), |A*AX| + || XBB*|>2|AXB]|. (2.3)

It is easy to see that for S € B(H), the three following properties are equivalent:

(i) S is normal,
(i) VX € B(H), [IS*XII = IISX]I,
(i) VX € B(H), XS = I1XS].

From this fact and using (2.3), we may deduce that for every invertible normal
operator S € B(H) the following operator inequality holds:

VX € B(H), ”SXS_IH + HS_lXSH > 21X 2.4)

Following the same problem of characterization cited above, so what is the largest
class of all of all operators S € J(H) satisfying (2.4)? In [18], we had found that this
class is exactly the class N, (H) of all invertible normal operators in B(H).

In [7], Fujii et al. had proved that the inequality (2.1) is equivalent to (2.2), and in
[4], we found other operator inequalities that are also equivalent to (2.2), and here we
cite three of them given by:

VX € B(H), |SXST+STXS|=2]|SstxsTs|, (2.5)
forevery S € S¢(H),
VX € B(H), H S2X + X 52 H > 2 SXS|, (2.6)

W Birkhauser
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forevery S € S¢(H),
VX € B(H), H S2X + X §2 H >2SXS]l, 2.7

for every S € S(H).

Note that this family of operator inequalities is generated by a selfadjoint operator
(invertible, with closed range, and any).

In [4], we have showed that (2.3) is equivalent to (2.4) and to the three following
inequalities:

VX € B(H), |SXST|+|STXxS| =2|sstxsts|. (2.8)

for every S € N, (H),
VX € B(H), ‘SZXH n HXS2 H > 2 SXS], 2.9)

for every S € N, (H),
VX € B(H), ‘S2X” + ”XSZH > 2)SXS], 2.10)

for every S € N'(H).

This second family of operator inequalities (2.4), (2.8), (2.9), and (2.10) that are
equivalent to (2.3) is generated by a normal operator (invertible, with closed range,
and any).

As we have done for the two characterizations cited above for the invertible case,
it is interesting to describe (for the closed range case):

(1) the class of all operators S € R(H) satisfying the operator inequality (2.5) or
(2.6),

(i) the class of all operators S € R(H) satistfying the operator inequality (2.8) or
(2.9).

In [21], using the two characterizations cited above for the invertible case, we had
shown that the class (i) is exactly the class (C), S¢, (H), and the class (ii) is N (H).

But, unfortunately, after the publication of the paper, we have found a mistake in
Lemma 1 of [21], and all results depend on it. So, in the corrigendum [22], we have
presented a corrected proof of this lemma. Note that in the proof of this corrected
lemma, we have used Theorem 6.3 of [14], where one of the conditions of this theo-
rem is an equality between the spectrum of two positive operators. This condition is
enough for the invertible case only, but does not suffice for non-invertible case and
our lemma is for non-invertible case. But, to have a complete proof of the lemma,
we need Theorem 6.3 with inclusion between spectrum instead of equality. We have
mentioned in the proof of the corrected lemma that Theorem 6.3 remains true with
inclusion between spectrum, but without argument. In this survey, we shall present
this argument.
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From the closed range case to the general situation of the two operator inequalities
(2.7) and (2.10), we have proved in [23] that the class of all operators S € B(H)
satisfying (2.7) (resp. (2.10)) is the class (C), S(H) (resp. N(H)).

In this general situation, we have used a result of Halmos [9] that says the set
D(H) ={S € B(H) : S is left invertible or right invertible} is dense in B (H ) (where
D(H) C R(H)). In our proof, applying the characterizations cited above with the
domain R(H) and the density of R(H) in B (H ), we conclude our characterizations
in the general situation of the class (C), S(H) of all rotation of all selfadjoint operators
in B(H), and the class N (H) of all normal operators in B(H).

Our idea in the above characterizations is to make connection between a family
of operator inequalities related to the known arithmetic—geometric mean inequality
(resp. the second version of the known arithmetic—geometric mean inequality) and
some distinguished classes of operators.

In this survey, we adopt another and better strategy, we do not respect the chrono-
logical order of the publication of the original papers, but start with the invertible case,
then the general situation, and then we deduce the closed range case; we also present
the characterizations of the class of normal operators before the characterizations con-
cerning the selfadjoint operators case. This new strategy gets rid of a heavy proof of
one of the theorems concerning the closed range case.

For the third distinguished classes of operators, the class of all unitary operators
U(H), we had proved in [19] that it is exactly the class of all operators § € (J(H)),
satisfying each of the following operator inequalities:

VX € B(H), sts—l + s—‘st <21X],
VX € B(H), HSXS’IH n HS’lXSH —2x]|.

VX € B(H), HSXS—IH n HS_IXSH <20x|.

In Sect. 3 of this survey, we shall

(i) show that d(.) isanorm on R (B(E)),

(ii) prove that the two normed spaces (R (®B(E)), d(.)) and (‘B(E) R B(E), ||.||k)
are isometrically isomorphic,

(iii) introduce a new concept of the parallelism in the geometry of normed space (called
the norm-parallelism),

(iv) give the concept of normaloid element in an abstract (real or complex) unital
normed algebra, and in the C*-algebra B(H) in terms of the norm-parallelism,
precisely, we shall prove that for a (real or complex) unital normed algebra A
with unit element 7, for A € A, A is normaloid if and only if A is norm-parallel
to the unit element /; and when A = B(H), A is normaloid if and only if A is
norm-parallel to its adjoint A*.

In Sect. 4, we shall present

(1) some results concerning the injective norm of the two following elementary oper-
ators on B(H), X — SXS™! + 57!1XS, and X — S*XS~! + S~1XS5* (where
S be an invertible operator in B(H)),

W Birkhauser
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(ii) some characterizations of the class U/ (H) of all unitary operators in 8(H) in terms
of operator inequalities.

In Sect. 5, we shall present

(1) Section 5.1: a family of operator inequalities that are equivalent to (2.3),
(ii) Section 5.2: the characterizations cited above of the classes N, (H), N¢-(H), and
N (H) in terms of operator inequalities related to (2.3),
(iii) Section 5.3: other characterizations of the class NV, (H), and we deduce some new
general characterizations of the class N'(H).

In Sect. 6, we shall present

(i) Section 6.1: a family of operator inequalities that are equivalent to (2.2),
(i) Section 6.2: the characterizations cited above of the classes (C), So(H),
(©), S¢r(H), and (C), S(H) in terms of operator inequalities related to (2.2).

3 Injective norm, norm-parallelism, and normaloid operator

In this section, we consider B = *B(E) the normed algebra of all bounded linear
operators acting on a (real or complex) normed space E.

We shall show that d(.) is a norm on the vector space R (°B) , and the two normed
spaces (R (28),d(.)), (% QR B, ||.||A) are isometrically isomorphic; and we shall
present the concept of normaloid element in any abstract (real or complex) unital
normed algebra, and in the C*-algebra 8(H) in terms of the norm-parallelism.

We start with the following main theorem.

Proposition 3.1 [16] Let A = (A,,...,A,), B = (B,, ..., B,) be two n-tuples of
elements in *B. then the following equalities hold:

Y f(A)g(B)

d(RA‘B) = sup

f.8e(B), |2y
n
= sup | f(B)A,
fe(%’)l i=1
n
= sup Y f(A)B,].
fe(®®), i=1

Proof We denote by k,, k, and k, the supremum cited in the theorem in the same
order. Letx,y € (E),, h € (E/>1 ,andlet f, g € (°B'),. So, we have

ZAi(x®h)B‘.y

i=1

()

d(R,;) >

) Birkhauser
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By taking the supremum over x € (E),, wehaved (R, ,) > [>/_, h (B,y) A, | -
Thus,

> 2 (4,)h (B,y)
= h(éf(Ai)Biy> :

By taking the supremum over & € <E />1 and over y € (E), , we obtain

Then,
n
d(RA.B) = Zf(Ai)g(Bt)
i=1
So, we have d (R AB) > k,. Since k, > |g(X0, f(B,)A,)|, then k, >
1321 f (B) 4, k, > k,. Itlsclearthatk > s (X, £ (A)B)].
then k, > k3. Since, k3 > IZ, 1f(A )h(B y)| = |f i h(By)A)| . so we
have
n
ky = | > h(By)A
i=1
ll‘l
> Zh(Bl.y)Ax
i=1
l n
- ‘(ZAi (x®h)B,.)y
i=1

Thus, k3 > || Z?:l A, (x ® h) B, H . Therefore, k3 > d (RA,B) . This completes the
proof. O

Proposition 3.2 The map d(.) : R (38) —> R, R +— d(R) is anorm on R (°B) .
Proof 1t is clear that

d(R) = 0, d(AR) = [A|d(R), d(R +§) = d(R) +d(9),

for every scalar A, and for every R, S € R (B). So, it remains to prove that if
d(R) =0, then R =0, forevery R € R (°8) .

W Birkhauser
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Now,let A= (A,,...,A,), B=(B,,..., B,) be two n-tuples of elements in ‘B
such that d (R, ,) = 0.

We may assume that B, ..., B, (where m < n)form a maximal linearly indepen-
dent subset of B, ..., B,. There exist m operators C,,...,Cy € sp {Al, ey A"}
such that R, , = R ,, where C = (Cl, ey Cm) , D= (Bl, e Bm). So, using
the above proposition, we obtain Y /-, f(C,)B, = 0, for every f € ®B'. Since
B,, ..., B, are linearly independent, f(C,) = O, fori = 1,...,m, and for every

f €. This proves that C; =0, fori = 1,...,m. Hence, R, , = R, , = 0. O

Corollary 3.3 The two normed spaces (R (B) , d(.)) and (% R ‘B, ||.||A) are isomet-
rically isomorphic.

Proof Let the map

F: (BB, .1,) - (R(B).d()
Z?:l Ai ® Bi I RA,B’
where A=(A,,...,A), B=(B,,...,B) €B".
From Propositions 3.1 and 3.2, the map I' is well defined and injective. It is clear
that I" is linear and surjective. Using again Proposition 3.1, we deduce that I" is an
isometry. O

Notation 3.4 (1) According to the above identification, and for R € R (°8) , we use
the notation || R||, instead of d(R), and we say it is the injective norm of R.

(2) Let A= (A,,...,A,), B=(B,,...,B,)) betwo n-tuples of elements in B; we
put D(R, ;) = Z:’lzl | A, ” ” Bi|

Remark 3.5 For R € R (), we have |R||, < |R| < D(R).

In the next theorem, and for A = (A,,...,4,), B = (B,,..., B,) be two n-
tuples of elements in ‘B, then we shall characterize when the injective norm of the
elementary operator R, , gets its maximal value D(R, ;), in terms of A, B;. So,
we need the following lemma, where the proof follows immediately from the Hahn—
Banach Theorem.

Lemma3.6 Letx,,...,x, € E. Then the two following conditions are equivalent:

@ [ x| = x
Gi) 3f € (E)l fx) = x|

,i=1,...,n.

Proposition 3.7 [16] Let A = (A,,..., A,), B = (B,, ..., B,) be two n-tuples of
elements in *B. The following properties are equivalent:

(@ “ R, ”A = D(R, ),

(ii) there exist two unit functional f, g € %/, and n unit scalars A, ..., A, such that
fA)Y=xr|A|. ¢B)=1|B| . fori=1,....n.
i) |50 A = Sy [ IS B, | = Sy |8, orsome unscatars

Asoeirh

n*

) Birkhauser
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Proof We may assume that all A,, B, are nonzero.

The equivalence (ii) <= (iii) follows from the above lemma.

(ii) => (i). Assume (ii) holds. Then from Proposition 3.1, D(R,, ;) > ||R
I>0, f(A)g (B,)| = D(R, ;). This proves (i).

(i) = (ii). Assume (i) holds. Themap f —> || >_7_, f(A,)B,|| is w*-continuous
on B, and (%/)1 is w¥*-compact, so it follows that |R, , ||A = | X fa)sB,

>
anll, =

)

for some f € (‘B/> . On the other hand, the Hahn—-Banach guarantees also the
1

existence of an element g in (%,) such that 337 A [ B[ = [R,,] =
1

Y f(A)g (Bl.). Since A;, B, are nonzero and |f(Ai) < HA,. , g(Bi) <

|B.|.fori =1,....,n then|f(A)| = |A,]. |¢(B,)]| =|B,].and f(A)g (B,) =

|A, | |B.|. fori = 1,....n. Thus, f(A) = A |A,]. g(B) = %, |B]. for

i =1,...,n, and for some unit scalars A, ..., A,. O

Corollary 3.8 [16] Let A, B € B. Then, the two following properties are equivalent:

(i) The injective norm of U,  gets its maximal value 2 | Al || Bl ,
(ii) A | B.

Proof (i) = (ii). Assume (i) holds. Since |U, , _=2llAlIB] = D(U,,), and
from the above proposition with the condition (iii), there exist two unit scalars «, S
such that [[e¢A + BB| = ||All + ||B|l. Put A = «p, then we have |A + AB| =
IlA|l + ||B]l , and where X is a unit scalar. This proves (ii).

(il) = (i). This implication follows immediately from the above proposition. O

In the end of this section, we shall present the concept of the normaloid element in
an abstract unital algebra and in the C*-algebra B (H ) in terms of the norm-parallelism
in the geometry of normed space.

Proposition 3.9 Let A be a (real or complex) unital normed algebra with unit element
I, and let A € A. The two following properties are equivalent:

(1) A is normaloid,
(i) A I.

Proof (i) = (ii). Assume (i) holds. There exists a state f on .A and a unit scalar A such
that f(A) = A||A|l. So, we obtain that 1 + [|A[| > |1 +2A| > |f(I) + X f(A)| =
1+ ||A|l. Hence, || +21A “ =1+ |All, and where |X| = 1. This proves (ii).

(ii)) = (i). Assume (ii) holds. Then, there exists a unit scalar A such that
I +XA| = 1+ ||A]l. Using Lemma 3.6, there exists f € (.A/)l such that
f() =1, f(LA) = ||A] . Hence, f isastate on A, f(A) = A ||All, and || = 1.
Hence, A is normaloid. O

Corollary 3.10 Let A € B. Then, the two following properties are equivalent:

(1) The injective norm of the elementary operator 6 — B, X —— AX + X A gets
its maximal value 2 | A|| ,

W Birkhauser
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(i) A is normaloid.
Proof This follows immediately from Corollary 3.8 and Proposition 3.9. O

Proposition 3.11 [17] Let A € B(H). The two following properties are equivalent:
(1) A is normaloid,

(i) A | A*.

Proof (i) = (ii). Assume (i) holds. There exists a state fon B(H) and | a unit scalar A
suchthat f(A) = A || Al| . So, weobtainthat2 | A = f(AA+AA*) < [AA +1A*| <

2||All. Hence, |A +A2A*|| = |[AA 4+ 1A*| = 2| A, and where |A?| = 1. There-
fore, A || A*.

(i) = (i). Assume (ii) holds. Then, there exists a unit scalar A such that
|A* +AA| = 2||A|l. Since A* + AA is normal, then there exists a state f on

B(H) such that |[A* + AA| = |f(A* + AA)|. Hence, 2 ||A]| = | f(A* + LA)| =
‘f(A) —i—kf(A)} <2|f(A)| < 2| AJ. Thus, |f(A)| = ||A|l. This gives us that A is
normaloid. O

4 On the injective norm of the two operators X — SXS~! + S~1XS
and X — S*XS~1 4+ S~1XS*, unitary operators, and
characterizations

In this section, we consider an invertible operator S in B(H).

Notation4.1 For A = (A,,..., A,) being an n-tuple of commuting operators in
B(H), we denote by:

(1) T, the set of all multiplicative functionals acting on the maximal commutative
Banach algebra that contains the operators A, ..., A,,
2) o(A) = {(gz)(Al), ceey (p(An)) NS FA} , the joint spectrum of A.

We define the two particular elementary operators ¢, ¥ on B(H) by

VX € B(H), ¢ (X) = SXS ' +5 XS,
VX € B(H), ¥,(X) =S5 XS +S5 XS

In this section, we shall present some results concerning the injective norm of ¢
and v/, and we characterize the class of all invertible operators S for which H(ps ||A

(resp. [ H,\) is minimal, and the class of all unitary operators in B (H).
Lemma4.2 [18] Let A= (A,,...,A,), B=(B,,...,B,)) betwo n-tuples of com-

muting operators in B(H). Then || R, s H > |0 (A) oo (B)|; and this inequality
becomes an equality, if all A, and B, are normal operators.

) Birkhauser
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Proof Let (¢, ) be an arbitrary pairin I", x I'; . Using the Hahn—Banach theorem, we
may extend ¢ and ¥ to unit functional f and g on B (H), respectively. So from Propo-
sition 3.1, it follows that |[R, , | = 371 f(A)g(B)| = [Xi_; ¢(A)¥(B)
RA,B||A = |o(A)oo(B)].

Now, suppose all A; and B; are normal operators. It suffices to prove || R, HA <
loc(A) oo (B)|.Let f, g be two arbitrary unit functionals on *B(H), and let (¢, V)
be an arbitrary pair in I', x T',. Since |0(A)oa(B)| = | (31, ¢(A)B,)].
and Y !, ¢(A,)B, is normal (from Putnam-Fuglede), then [6(A) oo (B)| >
>0 @(A)B, | . So that

Therefore,

lo(A) oo (B)| =

Z P(A)g (Bi) =

i=1

(o)

Using the same argument as used with B;, we deduce that |c(A) oo (B)| >

H Y8 (B,-) Al.| . From Proposition 3.1, it follows that |0 (A) o 0 (B)| > || R, , ||A .
O
Lemma4.3 We have ”‘ﬁs ”,\ = ||g0p | i where P = |S].
Proof Let S = U P be the polar decomposition S. From the fact that
{X € B(H) : [|X]| =1 =rankX} = {U*X : X € B(H), |X| =1 =rankX},
it follows that
lwsl, = swp [s"xs7T+57xs"|
“|x||=1=rankx
= sup PUXP'U + P 'U'XPU"
| X||=1=rankx
= swp ’P (UX) plyp! (U*x) PH
I X||=1=rankx
= e, -
O

Proposition 4.4 [18] The following properties hold:

(i) ”‘ps ”A = Supk,/LEﬂ(S) ),% + %‘ ’
(ii) if S is normal, the above inequality becomes an equality,
(iii) if S is normal, the following holds:

_ AlLH
¥ ”‘ B x,usgf(S) (‘M‘ * ‘ A D '

Proof (i) and (ii) follow immediately from Lemma 4.2.

W Birkhauser
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(iii) Assume S is normal, and let U P be its polar decomposition.
Since S is invertible and normal, then o (P) = {|A| : » € 6(S)}. So from the above

lemma and (ii), we obtain || ”x = ¢, || =SUp; eo(S) (‘ ‘ + |A |) O
Corollary 4.5 (i) We have | ¢, HA > 2.

(i) If S is normal, then the injective norm of ¢ gets its minimal value 2, if and only
if the following spectral condition holds:

Va, 1€ a(S),

m
—+—| =<2
HoooAlT
(i) If H(ps ||A = 2, then the interior of o (S) is empty.

Proof (i) and (ii) follow immediately from the above proposition.
(iii) Assume ||(ps ||k = 2. Thus

, % + %‘ < 2, forevery A, u € o(S). Hence, every
straight line passing through the origin intercept o (S) in at most two points. This
proves that the interior of o (§) is empty. O

Proposition 4.6 [18] Let P be a positive and invertible operator in B(H). Then we
have

ool = nPu || + 1P| H]P ak

Proof Let the operator M, defined on B(H) by

VX € B(H), M,(X)=PXP "

Since 0(M,) = o(P)a(P~1), o(p,) = {f(M,,) + W “fe r] (where T is

P
the set of all multiplicative functionals on the maximal commutative Banach algebra
in ®B (°B(H)) that contains M, ), and from the above proposition, it is easy to see

that @, | = sup yeo(p) ‘ﬁ + %' = SUP.co(u1,) ‘z + 11 So, using the fact that
mino (P) = TP and maxo (P) = ||P|, then mino(M,) = R
and maxo (M,) = || P|| ||P_1 || = %. On the other hand, since maxpftS% (t + %) =

p + 1, this maximum is attainable at p and %. Thus, the result follows immediately
from the fact that p € o (M,). O

Proposition 4.7 [18] The following properties hold:

W [usl, = s |s™ |+ ST

(ii) if S is selfadjoint, then g = |1S] H 5! H o =

+ —r—=-
Isifs™

(iii) if S is normal, then || ”x N H s

) Birkhauser
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Proof Let S = U P be the polar decomposition of S.

(i) From Lemma 4.3 and Proposition 4.6, and since ||S|| = || P||,
it follows that

-]

[vsl, = le- 1,

Pl
P

"H I+ s

(ii) This implication follows immediately from (i).
(iii)) Assume S normal. Then, using Proposition 4.4, and (i), we obtain

A u‘

= 4=

los |, N i
< sup <‘£‘+‘ﬁ’>

Auea(s) \| M1 A

=|\1/sz

MR p——
TS ||S I

O

From above, it is clear that || Y || . > 2. In the next corollary, we shall deduce three
necessary and sufficient conditions for which ” Y HA gets its minimal value 2. Note

that the condition || S| “S -1 || = 1 is equivalent to ”—éuS is unitary.

Corollary 4.8 [18] The following properties are equivalent:

() VX € B(H), HS*XS—IH + Hs—
(i) VX € B(H), Hs"XS*1 +51xs H —2|X].

(i) VX e F,(H), H S XS 4§

@) [, =2,
) II_éHS is unitary.

W Birkhauser
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Proof (i) = (ii). Assume (i) holds and let S = U P be the polar decomposition of
S.Let X € B(H). Then, we have

21X > HS"XS—1 +51xs ”

- HPU*XP—‘U* + P lurxpPU*

=|p@x)p 4Pt (Uix) P
|, (using (2.1)),

=2|XIl.

This proves (ii).

The two implications (ii) = (iii) and (iii) = (iv) are trivial.

If (iv) holds, using the above proposition, we find ||S|| [|S™! | = 1, and this proves
(V).

The implication (v) = (i) is trivial. O
Remark 4.9 The inequality given in Proposition 4.7. (iii) may be strict. Indeed, in

. . . . 10
dimension two, we choose the invertible normal operator § = |: 0 1t

i| By a simple
2

computation, we find that

1 32
Isifs= 2

2=, <tsn|s™| +

Notation 4.10 We denote the following:

E(H) = {T e Nyt o, |, = 171 | T

I+ IIT II}

From above, £(H) contains every invertible selfadjoint (resp. every unitary) opera-
torinB(H), but £(H) does not contain every invertible normal operator in B (H) (see
the example in the above remark). In the next proposition, we give a characterization
of this class £(H), where we use the following notations:

e 0,(5) ={r€0(S):|Al =mingeos) lnl}.
e 0,(S)={rea(S): Al =r(S)},
e D, (where 0 € [0, )) is the straight line through the origin with slope tan 6.

Proposition 4.11 [18] The two following properties are equivalent:

(i) S e&(H),

(i) S is normal, and there exists 0 € [0, 7 [ such that

D, No,(S) # B, D, Noy(S) # 0.

) Birkhauser
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Proof (i) = (ii). Assume (i) holds. Using Proposition 4.4(ii) and from the compact-
ness of o (S), we may choose A, u € o(S) such that

i1 s |+ = = o], = ‘&+ﬁ‘
RN R A VA
Hence,
- 1 A %
ISH)s™ | + = = H +|=
IS s~ = Tul = T2
< lwsl,
- 1
— IS Hs‘ 4 — . (using Proposition 4.4(iii)).
ISy s~
AT R Y B 7R 1 - 1 ;
ThU.S, l/«+)~‘ ‘/A‘J’_\k} ||S|| +||S_\|”STH.Putp W Since
S is normal, then miny_ ,ecq(s) ’%’ = p, and max;_,eo(S) ‘%‘ = %. The positive

function f(t) =t + %, p<t< % is bounded and attain its maximum p + % =

1S HS onlyatt = pandint = l. So, we may choose A in o, (S) and

w1 in o, (S). Since ‘ + & ‘ ) , then, A and u must belong to a straight line

passing through the origin. This proves (i1).
(i) = (i). Assume (11) holds Leta € D, No,(S) and B € D, No2(S). Since

S is normal, then @ = = and B = /@) S|, for some k € {0, 1}. Thus,

||<ps || H W Then, using Proposition 4.7. (iii), (i)

holds. O

In the next proposition, we shall give two necessary and sufficient conditions for
which || @ ||A gets its minimal value 2.
We need the two following lemmas:

Lemma4.12 [24] If |(Sx, x)| < 1 and ‘<S71x, x>‘ < 1, for every unit vector x in H,
then S is unitary.

Lemma 4.13 The operator S is normal if and only ifS* s s unitary.
Proof The proof is trivial. O

Proposition 4.14 [19] The following properties are equivalent:

@ [os], =2
(i) VX € F,(H),

‘SXS_] + 5"XSH <2|X]|.

W Birkhauser
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(iii) S is normal and sup, , cq(s) ‘% + %) =2.

Proof (i) < (ii). This equivalence follows immediately from Proposition 3.1 and
Corollary 4.5().

(i) = (iii). Assume (i) holds. From Proposition 4.4, we deduce that sup; pea(S) ’ % + % ’ =

2.
So, it remains to prove that S is normal. By using the same argument as used in
[15, Lemma 1], we deduce the following inequality:

Vx,y € (H),,

sl =2 |tsx, (87w, )|

Hence, the inequality ’(Sx, y) <S_|x, y>‘ < |lx|l l¥]l holds for every x, y in H.

-1
<<S*Sl> X, x>
(H), . Then, using the two above lemmas, we deduce that S is normal. Thus, (iii)

holds.
(iii) = (i). This follows immediately from Proposition 4.4. O

So we obtain ‘<S*S71x,x>‘ < 1 and < 1, for every x, y in

Remark 4.15 The class of all operators S for which || ®g || | is minimal contains strictly
the class of all unitary operators, and contained strictly in the class of all invertible
normal operators. Indeed, it is easy to see that ”(ps ||k = 2, if S is unitary, and for an

operator I, @ (%ilz) with respect to some orthogonal direct H = H, & H, (where
I is the identity on H,, for i = 1,2) belongs to this class, but it is not unitary; the
second inclusion is trivial.

In the next proposition, we shall give some other characterizations of the class of
all unitary operators multiplied by nonzero scalars.

Proposition 4.16 [19] The following properties are equivalent:

(i) VX € B(H),

‘SXS’1 H n HS”XS” =2x],

(i) VX € B(H), ‘SXS_I H ¥ HS_IXSH <21X],

(i) VX € B(H), ‘SXS_I + S_IXS” <2)x],

. 1 . .
@iv) mS is unitary.

Proof The two implications (i) = (ii) and (ii) = (iii) are trivial.

(iii) = (iv). Assume (iii) holds. So, it follows that ||| = 2. Using Proposi-
. . A
tion 4.14, then S is normal and sup; ¢, (s) ‘ﬁ + %‘ =2.

Using the spectral measure of S, there exists a sequence (S,) of invertible normal
operators in B (H) with finite spectrum such that:

(a) S, —> S uniformly,
(b) forevery A € o (S), there exists a sequence (A,) such that A, € o(S,), for every
n,and A, — A.

) Birkhauser



8 Page 180f43 A. Seddik

Let A, p € o(S). Then from (b), there exist two sequences (4,), (u,) such that
A,y W, €0(Sy), foreveryn, and A, — A, u, — u.
Let € > 0. Then, there exists an integer N > 1 such that

Vn > N, VX € B(H), <Q2+elX]. 4.1

S, XS~ +57'XS,

Let n > N. Since S, is normal with finite spectrum, there exist p orthogonal
projections E, , ..., E, in B(H) such that E, E, = 0, if i # j, YPLE =18 =
Zf: o, E;, where 0 (S,) = {ocl, ...,(xp} Lo, =A, .0, =an.

2 Yu

Then, using (4.1) and putting A = [
Yo 2

A .
:| , where y,, = -~ + ’;—”, we obtain
ll’)l n

VX € BC?), Ao X <2+e)X].

tImy, i

Put X = |: .
i tlmy,

:| (where ¢ > 0) in this last inequality, we obtain

@r1my,)? + [yl + 41 (Amy,)? < @rImy,)? +4 + (4e +€7) ((my,)? +1).

Puty =limy, =
that

% + %, and letting n — 00 in this last inequality, it follows

ly |2 + 4t (Imy)? < 4 + (46 4 52) ((tImy)2 + 1) .

Now, lettinge — 0, we deduce that4¢ (Imy)2 < 4—|)/|2 , foreveryt > 0. Hence,
Imy =0, and |y| < 2. Then, by a simple computation, we find that |A| = || . Then
o (S) is included in the circle centered at the origin and of radius ||S|| . Since S is
normal, this proves (iv).

(iv) = (i). This implication is trivial. O

Conclusion 4.17 (1) The class of all invertible operators S € B(H) for which ||<ps ”x
is minimal is characterized by each of the two following properties:

VX € Fi(H), |[TXT '+ T7'XT| <2|XI|. (T € I(H)),

T € N,(H)and sup ‘ﬁ + %‘ —2, (T €3(H).
r,uea(T)

W Birkhauser
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(2) The class of all unitary operators MA\(H) is characterized by each of the following
properties:

VX eB(H), |TxT 47 'XT| <20X1, T e,
VX € B(H), |TXT '|+|T 'XT| <2IXl, T e @H)),,
VX € B(H), |TXT | +|77'XT|=2IXIl, T e @(H)),,
VX € B(H), HT*XT—1 T ’ = 2|IX||. T e (3(H)),
VX € B(H), |T'XT'+T7'XT"| =2|X|, T e @(H)),,
VX € Fi(H), |T'XT~'+T7'XT | =2|X|, T e J(H)),,

lyrll, =2, T e (J(H)),.

5 N-arithmetic-geometric mean inequality, normal operators, and
characterizations

In this section, we shall present some characterizations of the class A/ (H) of all normal
operators in B (H) in terms of operator inequalities, and also its two subclasses N, (H),
and N, (H). These operator inequalities are related to the N-arithmetic—geometric
mean inequality which will be introduced in the next subsection.

We start with the following remark which contains two trivial characterizations of
the class N'(H).

Remark 5.1 Let S € B(H). It is easy to see that the three following properties are
equivalent:

(i) S is normal,
(i) VX € B(H), [S*XI = ISXI,
(iii) VX € B(H), IXS*| = 1XSI.

5.1 Operator inequality related to the N-arithmetic-geometric mean inequality

In this subsection, we consider the N-arithmetic—geometric mean inequality given by
(2.3)

This inequality follows immediately from the known arithmetic—geometric mean
inequality (2.2). In the next proposition, we present a family of operator inequalities
generated by normal operators that are equivalent to the inequality (2.3), and we shall
prove (2.3) independently in (2.2).

Proposition 5.2 [4] The following operator inequalities hold and are mutually
equivalent:

(i) VX € B(H), |A*AX| + IXBB*|| > 2|AXB||, for every A, B € B(H),
(i) VX € B(H), |SXRT| + |STXR| > 2||SSTXRTR|, for every S, R €
MT(H)5
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(i) VX € B(H), ||S*X| + | XR?| = 2ISXR], for every S, R € Ner(H),

(iv) VX € B(H), |SXR™Y| + |ST'XR|| = 21X|, for every S, R € No(H),

(v) VX € B(H), |S>X| + | XR*|| = 2ISX R, for every S, R € N (H),

(vi) ¥X € B(H), |A*AX| + | XAA*| = 2| AX A||, for every A € B(H),

(vii) VX € B(H), |SXST| + |STXS| =2|SSTXSTS|, for every S € Ny (H),
(viii) VX € B(H), |S?°X| + | XS?|| = 2ISXSII, for every S € N, (H),

(ix) VX € B(H), |SXS7Y| + |ST'XS|| = 21X, for every S € No(H),

(x) VX € B(H), |S*X| + | XS*|| = 21SXS|l, for every S € N'(H).

Proof (i) = (ii). Assume (i) holds. Let S, R € N, (H), X € ®B(H). Since S* =
S*SST and R* = RTRR*, then from (i) and Remark 5.1, it follows that

|SXRT |+ [STXR| = || s*S (STXRT)[ + [ (STXRT) RR¥|
>2|SSTXRYR|.

Hence, (ii) holds.

(i1) = (iii). Assume (ii) holds. Let S, R € N, (H), X € B(H). Then from (ii)
and since SSTS = S, RRTR = R, and STS, RR™ are orthogonal projections, it
follows that

|52 + [ xR = |s (sxR) R + | S* (SXR)R|

>2|SST(SXR)RTR|
=2|SXR]|.

Thus, (iii) holds.
(ii1) = (iv). This implication is trivial.
(iv) = (i). Assume (iv) holds. Then the following inequality holds:

VS, R € No(H),VX € B(H),

‘SZX” n ”XRZH > 2|ISXR].

Let A, B, X € B(H).Put P = |A|, Q = |B*|. Itis clear that the two operators
P + €l and Q + €l are normal and invertible, for every € > 0. So, using the last
inequality, we obtain

Ve > 0,

|((P+eD?X|+ X (@+er?| = 21P +eD X (Q+eD.

By letting € — 0, we deduce (i).

(i) = (v). This follows immediately by using Remark 5.1.

(v) = (iii). This implication is trivial.

Therefore, the operator inequalities (i)—(v) are equivalent.

From a pair of operators to a single operator, we deduce that the operator inequalities
(vi)—(x) are also equivalent.

(i) = (vi). This implication is trivial.

(vi) = (i). Assume (vi) holds (here we use the Berberian technique).

W Birkhauser



Operator inequalities related to the arithmetic-geometric... Page 21 of 43 8

Let A, B, X € ‘*B(H). Consider now the two bounded linear operators C, Y

defined on the Hilbert space H & H given by C = g )(5); , Y = |:8 )é . By
* *
a simple computation, we obtain C*CY = |:8 A (I)AX:| , YCcCc* = |:g X%B j| ,
0AXB . . . .
and CYC = 0 0 . Applying (vi) for the Hilbert space H & H, we obtain

|A*AX ||+ IXBB*|| = |[C*CY ||+ [[YCC*|| = 2||ICYC|| =2 ||AX B|| . This proves
).

Therefore, the inequalities (i)—(v) and (vi)—(x) are mutually equivalent. It remains
to prove that one of them holds. It is clear that (i) is an immediate consequence of the
known arithmetic—geometric mean inequality (2.2). But here, we shall give a direct
proof of (i) independently of (2.2) by using the numerical arithmetic—geometric mean
inequality. Let A, B, X € B(H). The following inequalities hold:

1
5 (lamax| +|xBB*]) = VIA*AX| | X BB*|

> VIIBB*X*A*AX|
> \/r(BB*X*A*AX)
=/r (B*X*A*AXB)
= |AXB].

Corollary 5.3 The following operator inequalities hold:

(i) Forevery S, R € J(H), the following holds:

VX € B(H), >2(X].

S*XR”” 4 H s X R*

(ii) Forevery S, R € R(H), the following holds:

VX € B(H),

|S*XRY| + |STXR*| =2 |SSTXRTR|.
(iii) For every S € J(H), the following holds:

VX € B(H),

S*XS—1H + H s lxs*

> 2X]l.
(iv) Forevery S € R(H), the following holds:

VX € B(H),

|S* XS+ |STXS*| =2|sstXxsts|.
Proof 1Tt suffices to prove (ii) and the three others follow immediately from (ii).
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Let S, R € R(H), and X € B(H). Since SSTS = S and RRTR = R, then we
have

|S*XRY| + | STXR*| = | s*S (STXRT)[ + [ (STXRT) RR*|
>2|SS*XRTR|, (from (2.3)).

O

Note that the eight operator inequalities (ii)—(v) and (vii)—(x) given in Proposi-
tion 5.2 are generated by a pair of normal operators and a single normal operator,
respectively.

It will be of interest to describe the class of all operators S € J(H) (resp. S € R(H),
S € B(H)) satisfying the operator inequality (ix) (resp. (vii), (X)).

We shall prove that the largest class of

(+) all operators S € J(H) satisfying (ix) is the class AV, (H) of all normal operators
SeJH),

(--) all operators S € R(H) satisfying the operator inequality (vii) is the class
N (H) of all normal operators S € SR(H),

(- - -) all operators S € ‘B(H) satisfying the operator inequality (x) is the class
N (H) of all normal operators S € B(H).

In the next subsection, we shall present all these characterizations and others.

5.2 Normal operators and characterizations

We need the following lemmas.

Lemma5.4 [25] Let A € B(H). If ||A — M || = r(A — Al), for all complex A, A is
convexoid.

Lemma 5.5 [14] Let P, Q be two invertible positive operators in B(H) satisfying
the following operator inequality:

VX e B(H), IX]+[PxP!| =2 ]oxo™.

Then, we have {P} C {Q} .

Proof (i) Let X be a selfadjoint operator in B(H) such that PX = X P, and let o be
an arbitrary complex number. Replace X by X — & in the inequality given by the
lemma, and since X — a/ is normal, we obtain

1X—all = |ox —ano™!| = r (0 —ano™") = IX —all.
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Hence, ||0XQ~ ! —al| =7 (QXQ~' —alI), for all complex number a. Using
the above lemma, we obtain that
v(ex0) =co (o (0x07))
= coo (X)
c R.

This give us that QX Q! is selfadjoint. Hence, 0X = X Q.

(i) Now, let X be an arbitrary operator in B(H). Put X = X| +iX,, where X| =
Re(X), and X, = ImX. Assume that PX = XP. Then, PX; = X|P and
PX, = X, P. From (i), we deduce that, QX = X1Q and QX, = X»>Q. Thus,
0X = X Q. Therefore, {P} C {Q} .

O

Lemma 5.6 [14] Let P, Q be two invertible positive operators in B(H) satisfying
the following operator inequality:

VX € B(H), HPXP—lH n ”Q‘1XQH > 21IX]l.
Then, we have {P} = {0} .
Proof From the inequality given in the lemma, we have
vX e B(H), IX]I+[Poxo~ P! =2 0x0™|. 5.1)
Put M = |P Q] . So, from this last inequality, we obtain
vX e B(H), IX|+|Mxm~| =2 ]oxo 1|
Hence, from the above lemma, we deduce that M Q = QM. Then, PQ = QP.
Now, let X be a selfadjoint operator in B(H) such that PX = XP , and let
o be an arbitrary complex number. Replace in (5.1), X by X — «l, so we have
| X —all] > || oX — ozI)Q_1 , for every complex number «. Hence, 0X = XQ,
and thus {P} C {QY} ., this follows by using the same argument as used in the proof

of the above lemma.
Using again the inequality given in the lemma, we obtain also that {Q} =

{07} c{P~'} = (P} . Therefore, {P} ={Q} . O
Lemma5.7 Lete > 0, andleta,, ..., ,, B,,..., B, (Wheren > 1) be real numbers
such that0 < oy < -+ <o, <1, {al,...,otn} C {ﬁl,...,ﬁn}, andg—"j—i—% >

2 — ¢, foreveryi, j.Then, we have

o, —B|<efori=1,...n.

Proof From the hypothesis, we deduce easily that 8; — B; <€ ifi <.
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Leti € {1,...,n} such that ; # B, (in the case o, = B;, of course, we have
lo, —B,|=0<e).

There are three cases: i =1, i =n,and 1 < i < n.

Case 1. i = 1. There exists j > 2 such that ﬂ_/. = «,. So, we have |a| — 1] =
B1 — Bj <€, since j > 1.

Case2.i = n. Thereexists j < n suchthat ,Bj = «a,.Hence, |, — Byl = Bj—Bn
€, since j < n.

Case3.1 <i <n.

Ifa; < B;, then there exists j > i, suchthatﬁj < ;. Hence,
€, sincei < j.

Ifa, > B, thenthereexists j < i, suchthat g, > «,. Hence, |al. — 5,-| < B;j—Bi
€, sincei > j.

IA

Q; _ﬂ,| S,Bi_ﬁj

IA

O IA

Remark 5.8 Inthe original paper [14], the above lemmais Lemma 3.5, butitis givenina
particular case with equality instead of inclusion, and where the sequence {051 s Q) }
is increasing instead of non-decreasing. In this particular case, the lemma is needed
only for invertible case.

Lemma 5.9 [14] Let P, Q be two invertible positive operators in B(H) such that
o(Q) Co(P)orao(P) Co(Q). Then, the two following properties are equivalent:
(1) VX € B(H),
) P = Q.

|PXP7'| +] o 'x0| =21xI.

Proof We may assume without loss of the generality that || P|| = | Q|| = 1.
(i) = (ii). Assume (i) holds. Decompose P and Q using their spectral measure:

P Z/)udE)L, QZ/)»dF)L,
and consider
PnZ/hn(/\)dEAZhn(P), QnZ/hn(?»)dF?»Zhn(Q).,

where £, (1) is the function defined by

ko k k+ 1
hoy=" it <a<®TLl fork=1,23,...
n n n

Case 1. 0 (Q) C o (P). Using the spectral theorem with the function 4, , we have

0 (0,)=0(h, (Q) =h, (0(Q) Ch,((P) =0c(h,(P)=0c(P).

Then P,, Q, are invertible positive operators in B (H) with finite spectrum such
that o (Qn) CcCo (Pn) P, — P, Q, — Q uniformly, and P, € {P}N, 0, € {Q}N
(where {P}" = {Q}", from the Lemma 5.6).
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Hence, P,Q, = Q, P,  foreveryn > 1.Then, Q, =Y 7_o,E;, P, =YV B E;,
where 0 (Q,) = {e,,....,e,} such that 0 < oy < --- <, < 1, 0(P,) =
- ﬂp} ,and E,, ..., E are orthogonal projections in *B(H) such that E, E; =

0,ifi # j, Y0 | E, =1.Thus, {o,,....,0,} C{B.....B,}.
Let € > 0. Then, there exists an integer N > 1 such that

Vi > N, VX € B(H). ’

rxP7 | +] 0 x0,

> 2-olX].

Letn > N, and replace X by E, X Ej (where X € B(H)) in this last inequality,
then we deduce that

o B

4+ >2_¢ fori,j=1,...,p.
aj B
From these last inequalities, and since 0 < o} < -+ < o, < 1, {al, ...,ot],} C
{51,...,,31,} , and using the above lemma, we obtain |o, — Bi| < €, fori = 1,..., p.

Since P, = > .7_«o,E;, and Q, = Y 7_B,E;, then

|

PVl_Qﬂ

=, max | = fil

IA

€.

Therefore, P = Q.

Case 2. 0(Q) C o(P). Using the same argument as used before, we find also
P=0.

The implication (ii) = (i) follows immediately from (2.3). O

Remark 5.10 The above lemma in the original paper [14] is the Theorem 3.6, but with
equality between spectrum of P and Q instead of the inclusion. The equality condition
is enough for the invertible case. But for the non-invertible case, the lemma presented
here with inclusion is needed.

In the next proposition, we shall present the first characterization of the class of all
invertible normal operators in B (H).

Proposition 5.11 [18] Let S be an invertible operator in B (H ). Then, the two follow-
ing properties are equivalent:

(1) S is normal,
(i) VX € B(H),

|SXS7H + | S~'xS| =21X].

Proof (i) = (ii). Assume (i) holds. Let X € B(H), then we have

s~ +|s7xs] =

sexs7! + s xs®

, (using Remark 5.1)
> 2 || X| (using Corollary 5.3(iii)).
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(i1) = (i). Assume (ii) holds.Let S = U P, §* = U™*Q be the polar decompositions
of S and S*. From (ii), it follows that

VX € B(H), ) pPxXP! H n HQ—‘XQH > 21X

Since o (P?) = o(5*S) = o(55*) = o(Q?), so from the Spectral Theorem,
o (P) = o(Q). Using the last Lemma, we obtain P = Q. Therefore, S is normal. O

Corollary 5.12 [18] Let S be an invertible operator in B(H). Then, the following
properties are equivalent:

(1) S is normal,
(i) VX € B(H),
(i) VX € B(H),

$x571| 4 [5XS] = [5x4 s xse]
sxs71| + |s71xs] = | s7xs ] + s xse]

Proof (i) = (ii). This follows immediately from Remark 5.1.
(i1) = (iii). This implication is trivial.
(iii)) = (i). Assume (iii) holds. Using the Corollary 5.3(iii), we have

VX € B(H), (

SXS_IH + HS_1XSH > 21X

From the last theorem, we obtain that S is normal. O

Proposition 5.13 [20] Let S € J(H). The following properties are equivalent:
(i) S € Ny (H),
(i) VX € B(H),
(iii) VX € F,(H),

SXS7H + [|s71xs|| < |s*x s~ + ||s1xs*],
|SXS7H + |s7ixs| < |s* xS~ + s~ x5 .

Proof (i) = (ii). This implication follows immediately from Remark 5.1.
(i1) = (iii). This implication is trivial.
(iii)) = (i). From (iii), it follows that the following inequality holds:
Ve, y e (Hy, ISxl |87 |+ 57 [stvl < [stx] Jeso7t] + s~ s
Hence,
va, ve (i), (155l = [ s%]) |7y = syl = s*y]) |57 - 5.2
Thus,
(Vx € (H)1, IISxll = ||S*x|) v (Vx € (H)1, I1Sx]l < | S*x]).
Assume that the inequality || Sx|| > |[|S*x|| holds for every x € (H),.
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Since the relation ﬁ < ||ITx| < ||IT| holds for every T € J(H) and for every
x € (H),, then from (5.2), it follows that

Vx, y e (H),, [SxIl—|S*x| <k (ISyll = | S*y]).
where k = || S|| ||S_1 || . So we have

vV, y € (H)y, ISxll+k [ S*y] < [S"x| +k1.Syll.

Hence,

Vx € (H),, N (IISxIl + & | S*y|) < N (Is*x|| + & 1Syl .
Y= yli=

Thus,

Vx € (H),, ISxll +kIISI < [ S*x| + K IISI.

So, it follows that the inequality || Sx|| < ||S*x|| holds for every vector x in (H),.
Hence, the equality ||Sx|| = [|S*x|| holds for every vector x in (H),. Therefore,

S e N,(H).
With the second assumption and by the same argument, we find also that S €

N, (H). mi

In the next proposition, we shall give a complete characterization of the class of all
normal operators in B(H) in terms of operator inequality. To prove this, we need the
following results of Halmos (see [9]) that says: the set

D(H) ={S € ®B(H) : S is left invertible or right invertible}

is dense in 2B (H ), and from the fact that for S € B(H), we have:
(1) S is left invertible if and only if S is injective with closed range,

(ii) S is right invertible if and only if S is surjective.

Proposition 5.14 [23] Let S € B(H). Then, the following properties are equivalent:

(1) S is normal,
(i) VX € B(H),

|S2X | + | XS] = 215xS]l.

Proof We may assume that S # 0.
(i) = (ii). Assume (i) holds. Let X € B(H). Then we have

|s2x| + | xs2| = |s*sx] + |xss*

>2|ISXS]|, (from (2.3)).

, (from Remark 5.1),

This proves (ii).
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(i) = (i). Assume (ii) holds. Put P = |S|. We prove this implication with four
cases.

Case 1. Assume that S is injective with closed range.

Hence, STS = I, ker P = ker § = {0}, and R(P) = R(S*S) is closed (since
R(S*) is also closed). Thus, ker P = {0} and R(P) = (ker P)* = H. So, P is
invertible. From (i7), the two following inequalities hold:

VX € B(H),

S25XS| 4+ [s*Xs] = 2557 x]. (5.3)

VX € B(H), |XS| + H $2x st H > 28X (5.4)

The proof is given in four steps.

Step 1. Prove that (Sz)+ S =5t

It is known that ST is the unique solution of the following four equations: SX§ =
S, XSX = X, (XS)* = XS, (SX)* = SX. Itis easy to see that (Sz)+ S satisfies
the first three equations.

Now, we prove that (SZ)Jr S also satisfies the last equation. Since the operator

S (S 2)+ S is a projection, it suffices to prove that its norm is less than or equal to one.
By taking X = (52)" § in (5.4), we obtain

()

Hence, ‘S (s2)* SH < 1. Therefore, ($2)" § = §+.

Step 2. Prove that (Sz)+ = (SH2,

Since 2 (SZ)+ = §5ts2 (SQ)Jr , then S2 (52)+ =52 (52)+ SS*. So from step 2,
we obtain 52 (52) " = $2(5T)2. Since $? is injective, we have ($2)" = (57)2,

Step 3. Prove that ker §* = {0} .

All the 2 x 2 matrices used in this step are given with respect to the orthogonal direct

sum H = R(S) @ ker $*. Then, S = [S‘ S2i| .Weput Q =|S*], P, = ’Sl , P, =

2> % (52)+ sS*

+‘ 22HS<52>+SH.

00

S — (5,5 45,57 8 have $*S = P? = P87, §8* =
| .0, = ( (S*+ S, 2) . So we have = = 55, P22 , =
2 -1
21970 . 10,0 .. . +_197°0
(0] _[ 0 0i| .Itisclearthat Q = [ 0 0 , Q1 isinvertible,and Q" = 0 ol

Since S is injective, then ker S* = {0} if and only if S, = 0. Assume that S, # 0.
Since (Sz)Jr = (S+)2, then the two operators S*S and SS™ commute (see [3, 11]).
Thus, P2 = [Plz 0 ] so that P = |:P1 0 ]
’ 0P} 0 P
Since ker §* # {0}, then 0(Q?) = o(Q?) U {0}. From the fact that o (P?) =
0(Q% — {0}, we have 0(P?) = ¢(Q7). Then, 6(P?) Uo(P§) = 0(Q?). Hence,
o (P?) C o(Q7). Thus,o(P,) C o (Q)).
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Using the polar decomposition of S and S* in the inequality (5.3) , we obtain the
following inequality:

VX € B(H),

|s2stx P! + ot xof = 2|55 x].

By taking X = |:)f)‘ 8:| (resp. X = |:8 )62:|), where X, € B(R(S)) (resp.

X5 € B(ker S*, R(S))) in the last inequality and since §2st = |:%1 8i| , we deduce
the two following inequalities:
vx, e BRe), |[Px, P+ o x 0z 20 69)
VX, € Bker S*, R(S)), ‘Plxnglﬂ > 21Xl (5.6)

By taking X» = x ® y (where x € (R(S))1, y € ker §*) in (5.6), we obtain
Vx € (RS Yy e ker 8™ [Pl [Py 'y = 210
So, we have
Vx € (R())1.Vy € (ker §*),, [IPrxll = 2Pyl -

Thus || Pyl < %, for every y € (ker S*); (where k = infj =1 [ P1x|| > 0).
Then (P}y, y) < %, for every y € (ker §%); . So we obtain o (P7) C (0, %] and
o (P?) C [k?, 00).

Since o(P;) C o(Q,), and P;, Q, satisfy the inequality (5.5), then using
Lemma 5.9, we obtain P| = Q,. Hence 0(Q?) = o(P}) = o(P?) Uo(P}).
Then o(Pzz) C a(P]Z), that is impossible, since (0, %] N [k2, 00) = &. Therefore,
ker §* = {0}.

Step 4. Prove that S is normal.

Since ker S* = {0}, then R(S) = H, so that S is invertible and satisfies the
inequality (ii). Hence, S satisfies the following inequality:

VX € B(H),

‘SXS’IH + HS”XSH > 20X

Therefore S is normal, by using Proposition 5.11.

Case 2. Assume § surjective.

Then, $* is injective with a closed range satisfying also the inequality (ii). So that
from case 1, S$* is normal. Hence, S is normal.

Case 3. General situation.

We may assume without loss of generality that ||S|| = 1. Then || 52 H = ||S||2 =1.
There exists a sequence (S;),>; of elements in D (H) such that S, — S uniformly.
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Define the real function F on the complete metric space (‘B(H)); by
VX € (B(H)),, F(X)= Hszxu i HXSZH —2SXS]|,
and for n > 1, define the real function F;, on (B(H)); by

VX € (B(H)), Fa(X) = | — 2 (1S, XS,

s,fo + Hxs,f

Put D = {X € (B(H)); : F(X) > 0}. Then there are two cases, D = &, D # &.
(1) D = @. So, it follows that

VX € B(H), )SZXH n HX52 H —21SXS]. (5.7)
From this equality, we have
va,y e H, [s2x] iyl + Il | 5725 = 2 sx0 5%

Since $? # 0, and from this last inequality, we deduce easily that S and S* are
injective, and then § is with dense range.

Prove now that S is with closed range. Let (x, ) be a sequence of vectors in H such
that (Sx,) converges to a vector y € H. We may choose a vector u € (H), such that
$*2u # 0. From the above inequality, we obtain

Hence, (x,) is a Cauchy sequence, and then it converges to some vector x € H. So
that Sx, — y = Sx. This proves R(S) is closed. Then, S is invertible.
So, from (5.7), it follows that

VYn,m>1, HSzxn — $%x

+

S*zuH =2|sx, — Sx,

X, — X, HS*u” .

m

VX € B(H),

SXS§~! H + Hs—‘st —21X].

From Proposition 5.11, (i) holds.
(2) D # @. From the fact that F is a positive continuous map on (%B(H)), it
follows that

D =F-1((0,00) = F~' (10,00)) = {X € (B(H)); : F(X) = 0} = (B(H)); .

Let X € D, and € > 0. Since S, — S uniformly, then there exists an integer
N > 1 (depends only in €) such that

Vn=N, VY e (B(H)),, [F(Y) - F,(Y)| <e.
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If there exists n > N such that F;,(X) < 0, then using this last inequality, we have
0 < F(X) < ¢, for every € > 0; thus F(X) = 0, leading to a contradiction with
X eD.

From this fact, it follows that

VXeD,Vn>N, F,(X)>0.
Since each F}, is a continuous map on (8(H)); and D is dense in (B(H)); , then
VX € ((B(H)), Vn >N, F,(X) > 0.
So, it follows that

VX € B(H), Yn > N, > 218, XSl

S,%XH + HXS,%

Since for eachn > 1, §,, € ®(H), then from the two above cases, we obtain that S,
is a normal operator, for every n > N . Since S, — § uniformly and the class of all
normal operators in B (H) is closed, then S is a normal. O

Remark 5.15 Inthe above proof, case 1 is the lemma presented in the corrigendum [22].
Note that in the proof of this lemma in the corrigendum, we have used Theorem 3.6
of [14] with equality between the spectrum (that is not suffice) and we mentioned that
with the inclusion between spectrum the theorem remains true (without argument). In
this survey, we have present this argument in Lemma 5.9.

Corollary 5.16 Let S € B(H). Then, the following properties are equivalent.

(1) S is normal,
(i) VX € B(H),

|S2X || | xS = IISXSI>.
Proof (i) = (ii). Assume (i) holds, and let X € B(H). Then we have

| s2x| | xs2| = [s*sx] |xS5*| (using Remark 5.1)
> ||SXS||2 (see the proof of (2.3) in Proposition 5.2).

(i) = (i). Assume (ii) holds, and let X € B(H). Then we have:
[s2x ]+ xs?] _

5 >
> [ISX S| (using (iD)).

|s2x|| | X S2| (from the numerical AGMI)

From the last proposition, (i) holds. O
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Corollary 5.17 [21] Let S € R(H). Then the following properties are equivalent:

(i) SeNH),

(i) VX € B(H), | SXSH| + ||STXS|| = [S*XST| + [STXx5*,
(i) VX € B(H), | SXST| + [STXS|| > |[S*XST| + [STX85*|,
(iv) VX € B(H), |[SXST| +|STXS| > 2|SsStxsts|.

Proof We may assume that S # 0.
(i) = (ii). This follows immediately from Remark 5.1.
The implication (ii) = (iii) is trivial.
(iii) = (iv). This follows immediately from Corollary 5.3(iv).
(iv) = (i). Assume (iv) holds. Then the following inequality holds:

VX e B(H), |s2xss*| + |stsxs?| = 2] ssTsxssts].

From this inequality and since HSSJr H = ” S+S|| =1, and SSTS = S, it follows
that

VX € B(H), H52XH n HXSZH >2|SXS|.

Using Proposition 5.14, S is normal. O

Remark 5.18 In the original paper [21], the above corollary is presented before the
characterization of A/ (H) in its general situation, and for this reason its proof is very
strong. But, in this survey, we have adopted a new strategy, where this corollary follows
immediately from the general situation.

Conclusion 5.19 (1) The class of all invertible normal operators in B(H) is charac-
terized by each of the following properties:

VX € B(H), |[SXS7! + | s7'xS| = 21X, (S € I(H)).
VX € B(H), |SXS7'| + |S7'XS| = [S*XS7H| + | STIXS*| . (S € I(H)).
VX € B(H), |SXS7H +|ST'XS| = [s*XS7 | + | ST'XS*|, (S € T(H)).
VX € B(H), |SXS7H +|ST'XS| < [s*XS7 | + | S7'XS*|, (S € I(H)).
VX € F (H), [SXS7U + |ST'XS|| < ||[S*XS~| + |[S~IXS*|, (S € I(H)).

(2) The class of all normal operators with closed ranges in B(H) is characterized by
each of the following properties:

VX € B(H), |SXST| +[|STXS| =  2|SSTXSTS|, (SeRH)
VX € B(H), |SXST|| + |STXS| = |S*XST| + |STXS*||, (S € R(H))
VX € B(H), |SXST|| + |STXS| = |S*XST| + |[STXS*||, (S € R(H))

(3) The class of all normal operators in B(H) is characterized by:

VX € B(H),

‘SZXH n HXSZH > 2 |SXS|, (S e B(H)).
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5.3 Characterizations related to Magajna-Petkovsek-Turnsek

For S, T € B(H):

(i) we say that S and T are unitarily equivalent, if there exists a unitary operator
U € B(H)suchthat S = U*TU,
(ii) itis easy to see thatif S € J(H), then |S| and | S*| are unitarily equivalent,
(ii1) if S and T are unitarily equivalent, then S and 7' have the same spectrum, but the
converse is false (in general),
(iv) S is paranormal if [|x|| | S%x | > [|Sx||*, for every x € H,
(v) we say that S belongs to class A, if |S2| > |S|2 ,
(vi) if § >0, T >0,and S > T, then S* > T%, forevery « € [0, 1] (Lowner—Heinz
inequality [10]),
(vii) if S belongs to class A, then it is paranormal (see [8]).

Using the Theorem 2.1 of Magajna—Petkovsek—Turnsek [12], we shall present in
this subsection other characterizations of the class NV, (H), and then, we deduce some
general characterizations of the class N'(H).

Lemma 5.20 Let P and Q be two invertible positive unitarily equivalent operators in
B(H). The two following properties are equivalent:

(i) VX € F,(H), |PXxP7!|+ |07 'Xx0| = 21x].

i) P = 0.
Proof The implication (i) = (ii) represents a particular case of [12, Theorem 2.1].
The implication (ii)) = (i) follows immediately from Proposition 5.11. O

Proposition 5.21 Let S € J(H). The following properties are equivalent:
(i) S e Ny (H),
(i) VX € F,(H),
(iii) VX € F,(H),
(iv) VX € F,(H),

|SXS7H + | S7'xS| = |[s* xS + | s x s
|Sx5™0 |+ |S7IXS| = |5 xS~ + |5~ xS
|SXS7H + [|s~1xs|| = 21x]l.

’

’

Proof The implication (i) = (ii) follows immediately from Remark 5.1, the impli-
cation (ii)) == (iii) is trivial, and the implication (iii) == (iv) follows from
Corollary 5.3(iii).

(iv) = (i). Assume (iv) holds.

Put P = |S| and Q = |S*|. Using (iv) and the polar decomposition of S and S*,
we deduce the following inequality:

VX € F,(H),

)PXP*H n HQ‘U{QH > 21X

Since P and Q are unitarily equivalent, then using the above lemma, we find that
P = Q. This proves (i). O

In [2], Ando proved that for S € B(H), S is normal if and only if S and S* are
paranormal, and ker S = ker S*. In the next proposition, we present some new general
characterizations of the class A'(H), and we shall show that the Ando result remains
true without the kernel assumption.
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Proposition 5.22 Let S € B(H). The following properties are equivalent.

(1) S is normal,

(i) [S2| =151, |82 = |S*,
(i) |S2* = 1814, |S72° = Is*]*,
(iv) S and S* belong to class A,
(v) S and S* are paranormal.

Proof The implications (i) = (ii), (ii) = (iii) are trivial.
(iii)) = (iv). This follows from Lowner—-Heinz inequality with o = %
(iv) = (v). This follows from [10].
(v) = (i). Assume (v) holds. Then, we have

Vx e H, |x|l | $%s| = ISx]1?, (5.8)
vr e H, |52 x] 2 157 (5.9

So, it follows that

VX € F,(H),

‘SZX” n ”XSZH > 2SXS]. (5.10)

The proof is given in three cases.
Case 1. Assume that S surjective.
From (5.8), it follows that

Vx e H, [ STx| IISxl = Ix]?.

Then S is injective. Hence, S is invertible. So using (5.10), we obtain
VX € F,(H), HSXS" H n HS"XSH > 21Xl

So from the above proposition, S is normal.

Case 2. Assume that S is injective with closed range.

Then S* is surjective. So, from (5.9) and using the same argument as used in the
case 1, we find that S is invertible, so that S is normal.

Case 3. General situation.

From (5.10), and by using the same argument as used in the case 3 of the proof of
Proposition 5.14 (where F, (H) takes the place of *B(H)), and using [12, Theorem
2.1], we obtain that S is normal. 0O

Remark 5.23 (1) The equivalences between (i), (ii), and (iii) in the above corollary
were given in [23], and follow from Proposition 5.22. The equivalences between
(1), (iv), and (v) are new.

(2) The Lemma 5.20 must be used only for the invertible case, but Lemma 5.9 is needed
for the general situation. The hypothesis of Lemma 5.9 is more general than the
hypothesis of Lemma 5.20, but the condition (i) of Lemma 5.9 is a particular case
of the condition (i) of Lemma 5.20.
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Conclusion 5.24 (1) The class of all invertible normal operators in B (H) is charac-
terized by each of the following properties:

VX € F (H), |[SXS7'| + |s7'xS|| > 20X, (S € 3(H)),
VX € F (H), [SXS7U + |ST'XS|| = [|[s*XS~| + [|S~'xS*|, (S € 3(H)),
VX € F (H), [SXS7H + | ST'XS|| > [|[s*XS~| + |S7IXS*|, (S € I(H)).

(2) The class of all normal operators in B (H) is characterized by each of the following
properties:

|Szl= IS1%, |S*2]| = 1S**, (S € B(H),
|27 = IS4, |27 = IS*[*, (S € B(H),

S, S*belong to class A, (S € B(H),
S, S*are paranormal, (S € B(H).

6 Arithmetic-geometric mean inequality, selfadjoint operators, and
characterization

6.1 Operator inequality related to the S-arithmetic-geometric mean inequality

In [10], Heinz proved that for every two positive operators P and Q in 8 (H), and for
every o € [0, 1], the following operator inequality holds:

VX € %(H)v ||PX+XQ|| > HPO‘XQlfa +P17aXQa

. 6.1)

As a particular case of this, for @ = %, the well-known arithmetic—geometric mean
inequality is given by (2.2).

Note that the proof of (6.1) given by Heinz is somewhat complicated. For this
reason, Mclntosh [13], with an elegant proof, proved that the operator inequality (2.2)
holds, and deduced from it from the Heinz inequality by the iteration method.

Independently of the work of Heinz and McIntosh, Corach et al. proved in [6], that
for every invertible selfadjoint operator S in B(H), the inequality (2.1) holds.

In [7], it was proved that the three above operator inequalities are equivalent, and
proving (2.1) with an easy proof, this gives us an easier proof of Heinz inequality.

In the following proposition, we shall give a family of operator inequalities that are
equivalent to the Heinz inequality and present the proof of (2.1) given in [7].

Proposition 6.1 [4, 7] The following operator inequalities hold and are mutually
equivalent:

(i) VX € B(H), ||A*AX + XBB*| > 2||AXB||, for every A, B € B(H).
(i) VX € B(H), |SXRT + STXR| = 2||SSTXRTR|, for every S, R € S¢,(H).
(i) VX € B(H), |S*X + XR?|| = 2|ISXRI|, for every S, R € S¢,(H).
(iv) VX € B(H), |SXR™'+ ST'XR| = 2|IX||, for every S, R € So(H).
(V) VX € B(H), |S*X + XR?| = 2|ISXRY||, for every S, R € S(H).
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(vi) VX € B(H), ||[A*AX + XAA*|| > 2 ||AXA|l, for every A € *B(H).
(vii) VX € B(H), |SXST +STXS| =2 |SSTXSTS|, for every S € S, (H).
(vii)) VX € B(H), |S?X + XS?|| = 2|ISXS||, for every S € S¢r(H).

(ix) VX € B(H), |SXS~'+ S7'XS|| = 2X|, for every S € So(H).

(x) VX € B(H), |S*X + XS?|| = 2(ISX S|, for every S € S(H).

Proof (i) = (ii). Assume (i) holds. Let S, R € S, (H), X € B(H). Since S =
S*SST and R = RTRR*, then from (i) it follows that

ISXRT +STXR| = |S*S(STXR') + (STXRT) RR¥|
>2|SSTXRTR|.

Hence, (ii) holds.

(i) = (iv). Trivial.

(iv) = (v). Assume (iv) holds. Let S, R € S(H), and put P = |S|, Q = |R].
Let € > 0. From (iv), the following inequality holds:

VX € B(H),

)(P+el)2X+X(Q+el)2H >20(P+€el) X (0 +eD)|.
Letting € — 0o, we obtain

VX € B(H),

S2X + XR? H > 2|ISXR].

(v) = (i). This follows immediately by using the polar decomposition of an oper-
ator.

(v) = (iii). Trivial.

(i) = (iv). Trivial.

Hence, the equivalences (i)—(v) hold.

From a pair of operators to a single operator, the equivalences (vi)—(x) hold.

(i) = (vi). Trivial.

(vi) = (i). This follows using Berberian technique as used in Proposition 5.2.

Hence, the ten properties are mutually equivalent.

Prove now that the operator inequality (iv) holds.

Step 1. Let S, X € B(H) such that S and X are selfadjoint, and § invertible.

Then, there exists A € o (X) such that [A| = || X]. Since o(X) = o(SXS~}) C
V(SXS™1), there exists a state fonB(H)suchthat A = f (SXS_I) =f (S_IXS) .
This gives us 2 || X[| = | f (SXS™! + S7!'XS)| < | SxS~1 + 57'XS]|.

Step 2. Let S, X € B(H) such that S is selfadjoint invertible.

Let the two following operators on the Hilbert space H@ H be givenby M = |: 50 ]

0S
0 X

andY = |: X* 0 :| , sothat M and Y are selfadjoint operators in B(H & H) and where
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M is invertible. Applying step 1 for this pair of operators, we obtain

H sxs—! 4 S’IXSH - ”MXM’I 4 M’]XM”
>2|Y]
=2X].
O

Remark 6.2 In [1], we find generalized versions of the arithmetic—geometric mean
inequality.
Corollary 6.3 The following operator inequalities hold:

(i) Forevery S, R € J(H), the following holds:

VX € B(H), |S*XR'"+S'XR*| >2|X].

(ii) Forevery S, R € R(H), the following holds:
VX € B(H), |S*XR" + STXR*|| = 2||SSTXR'R|.
(iii) For every S € J(H), the following holds:

VX € B(H), |S*XS '+ 5 1xs5*

>20X1.
(iv) Forevery S € R(H), the following holds:
VX € B(H), |S*XST + STXS*| =2|sstxsts].
Proof 1t suffices to prove (ii) and the three others follow immediately from (ii).
Let S, R € R(H), and X € B(H). Since SSTS = S and RRTR = R, then we

have

|S*XR* + STXR*| = ||S*S (STXRT) + (STXRT) RR*||
>2|SSTXRTR|, (from (2.2)).

O

Note that the eight operator inequalities (ii)—(v) and (vii)—(x) given in Proposi-
tion 6.1 are generated by a pair of selfadjoint operators and a single selfadjoint operator,
respectively.

It will be of interest to describe the class of all operators S € J(H) (resp. S € R(H),
S € B(H)) satisfying the operator inequality (ix) (resp. (vii), (X)).

We shall prove that the largest class of
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(-) all operators S € J(H) satisfying (ix) is the class (C), S,(H) (the class of all
rotation of all selfadjoint operators S € J(H)),

(--) all operators S € SR(H) satisfying the operator inequality (vii) is the class
(©), Scr(H) (the class of all rotation of all selfadjoint operators § € R(H)),

(- - -) all operators S € B(H) satisfying the operator inequality (x) is the class
(C), S(H) (the class of all rotation of all selfadjoint operators S € B(H)).

In the next subsection, we shall present all these characterizations and others.

6.2 Selfadjoint operators and characterizations

In this section, we shall present some characterizations of the class of all invertible
selfadjoint operators multiplied by nonzero scalars, the class of all selfadjoint operators
with closed ranges multiplied by scalars, and the class of all selfadjoint operators
multiplied by scalars.

We need the following lemma.

Lemma 6.4 [14] Let A, u € C* such that % + % e R, and ‘ﬁ + %’ > 2. Then there
exists 0 € [0, w) such that A, u € D,.

Proof Let A = re'®, u = le'? be the polar decomposition of A, 1. Then we have

A ro1 r LY\ .
—+—-—=|-+-Jcos(@—B)+i|-——]sin(ax—p).
w oA [ r [l r

Thus,r =lora — B =0 (mod.). The case r = [ also gives o — 8 = 0 (mod.r).
Hence, the prof is completed. O

Proposition 6.5 [14] Let S € J(H). Then the two following properties are equivalent:

(i) S e (C),So(H),
(i) VX € B(H), |SXS™'+57'XxS| = 2|X].

Proof The implication (i) = (ii) follows immediately from Proposition 6.1.
(i1) = (i). Assume (ii) holds. So, we have

VX € B(H),

‘SXS”H n HS_lXSH > 21X

Using Proposition 5.11, then S is normal. Using the spectral measure of S, there
exists a sequence (S,) of invertible normal operators with finite spectrum such that:

(a) S, — S uniformly,
(b) forall A € 0(S), there exists a sequence (A,) such that A, € o(S,), for all n and
A, = A

Let A, u € o(S) and let € > 0. Using (ii), (a), and (b), there exists an integer
N > 1 such that
Vn > N, VX € B(H),

S, XS +57'Xs, | =2-olXl, (62
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and there exist two sequences (A,), (u,) such that A, u, € o(S,), for all n, and
A, = A, 1, —> W
Let n > N and since S, is normal, with finite spectrum, there exist p orthogonal
projections E, .. ., Ep in B (H) such that E,E_,. =0,ifi # j, Zle E =18, =
p

i=

Then by (6.2), and if we put A = |:)/2 731 ] , where y, = ;\L—" + % we obtain

o, E;, where 0(S,) = {al,...,ap}, o, =A,, 0, =[,.

n

VX € B(C?), |AoX||>2—e) X]. 6.3)

1
If we put s, = VL and B = |: 2 81" :| , then from the last inequality, we also have

n 2
X
VX € B(C?), |Bo X|| < IX1 (6.4)
2-¢
From (6.3), we deduce 2—" + % > 2 — €. Hence, ﬁ—i— %’ > 2. Put, B, =

Imy,, y =limy,, B =1im§,.

On the other hand, if in (6.4), we put X = |:i1g lla] , for a > 0, we obtain
- +4a +a < —.
g T Pl= - ep
Hence,
1 2 1+a?
—+a +alpl < —.
st ralpl s o

Thus, a |7/|2 + 18] < %, for every a > 0. This gives us Im (ﬁ + %) =pB=0.
So, from the above lemma, A and u belongs to a straight line through the origin. Then
there exists 6 € [0, ) such that o (S) C D,. Therefore, M = e 78 is selfadjoint,
and S = M. o

Remark 6.6 In [5], we find the class of all invertible operators S in B(H) satisfying
the following inequality (with k € (=2, 2]):

VX € B(H), |SXST 4+ S7IXS+ kX[ = (k +2)|1X]|.

Note that this problem is still open, and for k = 0, we find the previous characteriza-
tions (Proposition 6.5).

Corollary 6.7 [18] Let S € J(H). Then the following properties are equivalent:
@ S € (C), So(H),
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(i) VX € B(H),
(iii) VX € B(H),

|SXS™1 4+ S7IXS| = || s*XxS~ ! + 571 x5,
|SXS™1+S7IXS| = |S*xS~! + 571 x5%|.

Proof The two implications (i) = (ii) and (ii)) = (iii) are trivial.
The implication (iii) = (i) follows from Corollary 6.3(iii) and the last proposition.

O
Corollary 6.8 Let S € J(H). Then the two following properties are equivalent:
(i) S e C'U (H),
(i) VX € B(H), |SXS™+S7'XS| =21X].
Proof This corollary follows immediately from Propositions 4.16 and 6.5. O

In the next proposition, and from the last proposition concerning the invertible case,
we conclude for the characterization of the class (C), S(H).

Proposition 6.9 [23] Let S € ®B(H). The two following properties are equivalent:

(i) S € (C), S(H),
(i) VX € B(H),

S2°X 4+ XS*| = 2ISXS]|.
Proof We may assume without loss of generality that || S|| = 1.

(i) = (ii). This implication follows immediately from (2.2).
(ii)) = (i). Assume (ii) holds. Then, we have

VX € B(H),

S2XH + HXSZH > 2|ISXS].

Hence, from Proposition 5.14, S is normal. So, we prove (i) in two cases.
Case 1. S € D(H).
Then, S is invertible, so from (ii), we obtain

VX € B(H),

‘st—l + S‘1XSH > 21X

Using the last proposition, we deduce (i).

Case 2. General situation.

Applying triangular inequality in (ii), we deduce that ” 52 H =|S|>=1.
Define the real function F on the complete metric space (B(H)), by

VX € (B(H)),, F(X) = Hszx + X852 H —2|ISXS|,
and for n > 1, define the real function F;,, on (B(H)); by
VX € B(H), F,(X) =

S2X + XS2| =218, X Sull -

Put D ={X € (B(H)); : F(X) > 0}. Then there are two cases, D = &, D # &.

W Birkhauser



Operator inequalities related to the arithmetic-geometric... Page 41 of 43 8

(1) D = @. So, it follows that

VX € ‘B(H),

’SZX +xS? ” —=21ISXS]|. (6.5)
From this equality, we have

Vx,y € H,

|2 @y +x @52y =208x] 5]

Using this last equality and since S # 0, we deduce that ker $* = {0} . Hence, S
is with dense range. Using again this last equality, we obtain the following inequality:

Vx,y e (H),

|52 +2118x1 | s3] = |

By taking the supremum over y € (H); , we obtain that || Sx| > % lx]| , for every
x € H. Thus, S is bounded below with dense range. Hence, S is invertible. So, from
(6.5), it follows that

VX € B(H),

Sxs~! 4 S—IXS” —2X].

Then from the last proposition, (i) holds.

(2) D # @. From the fact that F is a positive continuous map on (%B(H)),, it
follows that

D =F~1((0,00) = F~' ([0,00)) = {X € (B(H)), : F(X) = 0} = (B(H)), .

Let X € D, and € > 0. Since S, — S uniformly, then there exists an integer
N > 1 (depends only in €) such that

Vn=N, VY € (B(H));, |[F(Y) - F,(Y)| <e.
Using the same argument as used in Proposition 5.14, it follows that
VX eD,Vn>N, F;X)>0.
Since each F}, is a continuous map on (8(H)); and D is dense in (B(H)); , then
VX € (B(H)), Yn >N, F,(X) > 0.
So, it follows that
VX € B(H), Vn > N,

S2X + XS2| =218, XSl .

Since foreachn > 1, S, € D(H), using the case 1, we obtain that S, € (C), S(H),
for every n > N. Since S, — S uniformly, and (C), S(H) is closed in B(H), then
S e (C), S(H). O
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Corollary 6.10 [21] Let S € R(H). Then the following properties are equivalent:
(i) Se(C),S,H),
(i) VX e®B(H), |[SXST+STXS| =|S*XST+STX5*,
(i) VX € B(H), [SXST+STXS| > [S*XST + STXS*|,
(iv) VX eB(H), |SXST+STXS|>= 2[SSTXSTS

.y

Proof The implications (i) = (ii) and (ii) = (iii) are trivial.

The implication (iii)) = (iv) follows immediately from Corollary 6.3(iv).

(iv) = (i). Assume (iv) holds. Applying the triangular inequality in (iv), we obtain
from Corollary 5.17 that S is normal (with a closed range), so that S is an EP operator
satisfying (iv). Then, S = |:%‘ 8] |:kI::r(?*i| , where S, is invertible on R(S). Hence,
we obtain the following inequality:

VX € B(R(S)),

‘SIXSI_I +571Xs, H > 21X

Hence, S| is a selfadjoint operator in B (R (S)) multiplied by a nonzero scalar. Thus,
§e(©),S, (H). O

Conclusion 6.11 (1) The class of all invertible selfadjoint operators in B(H) multi-
plied by nonzero scalar is characterized by each of the following properties:

VX € B(H), |SXS'+51x5| > 20X, (S € 3(H)),
VX € B(H), |SXS 1+ 8571XS| = | s*XS~ 1+ S71XS*||, (S € I(H)),
VX € B(H), |SXS '+ 8571XS| > [[S*XS~ L+ S71XS*||, (S € T(H)).

(2) The class of all selfadjoint operators with closed ranges in B(H) multiplied by
scalar is characterized by each of the following properties:

VX € B(H), |SXST+STXS| = 2|SSTXSTS|, (SeRH)),
VX € B(H), |[SXST+ STXS| = [S*XST +STXS*|, (S € R(H)),
VX € B(H), |[SXST+ STXS| > ||S*XST + STXS*|, (S € R(H)).

(3) The class of all selfadjoint operators in B(H) multiplied by nonzero scalar is
characterized by

VX € B(H),

‘szx i XSZH > 2|ISXS|. (S € B(H)).

(4) The class of all unitary reflection operators in B (H) multiplied by nonzero scalars
is characterized by

VX € B(H),

SXS~'+ 57IXS|| =21XIl, (S € I(H)).
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