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Integral Equations 

D E R I V A T I O N  A N D  J O R D A N  O P E R A T O R S  

A . S e d d i k  and J . C h a r l e s  

For A E / : ( H )  ( the algebra of all operators  on the complex Hilbert  space H)~ let 5A 
denote the operator  on /~ (H)  defined by : (~A(X) = A X  - X A .  

We show here tha t  for all Jordan  operators  A : R(SA) N {A*) '  = {0}, where R(6A) is 
the range of 6A and (A*}; is the commntant  of the adjoint of A. 

I n t r o d u c t i o n .  

Let t : (H)  be the algebra of bounded linear operators  on the infinite-dhnensional 
complex Hilbert space H.  For A e / : ( H ) ,  we define the linear operator  ~d on L ( H )  by : 

V X  e s  f A ( X )  = A X  - X A ;  

we denote R(~A), R(~A) -  and {A}' respectively the range, the norm closure of the range 
and the kernel of ~A. 

We denote Af = {A e / : ( g )  : R(~A)-  (2 {A*}' = {0}}. 

If H is finite-dimensional, Af = s  If H is infinite-dimensional, this equality does 
not hold. So a reasonable purpose is to determine what  elements are in N .  

When H is a separable Hilbert space, AY contains the operators  A for which p(A) is normal  
for some quadratic polynomial  p(z) [2 ],the subnormal operators  with cyclic vectors [2 ] 
and the ison:letries [3 ]. In this paper,  we show tha t  AY contains also all the operators  
unitarity equivalent to Jordan operators.  

N o t a t i o n  : see [4 ]. 

For a complex Hilbert  space H and an integer n strictly greater than  1, an operator  
A on H (") = H | H | ... �9 H,  with matr ix  [A~,j ]l_<~,j_<,,, (i is the row index), is said to 

Y 

n t i t t l e s  

be a Jordan block of order n if we have, for all i e { 1 , . . . , n -  1}, Ai,i+i = t g  (where IH 
is the identity operator  on H),  and Ai,j = 0 in the other cases. 

We denote by 0g,  the null-operator defined on H, the Jordan block of order 1. 

Let m be a strictly positive integer, Hi , . . . ,  H,~ m complex Hitbert  spaces and a l , . . . a ,~  m 
strictly positive integers. 

Set -~k = Yk (~k) and Jk the Jordan block of order ak operat ing on • ,  for k = 1, .., m. 
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Every operator of the form Ji  | .-. E3 J,~ operating o n  g l  @ - . .  @ a~m is called a Jordan 
operator of order sup{ak  : k = 1, .., m} .  

For two complex Hilbert spaces H and K,  and A E s  B E s  we denote by 5A,B 
the linear operator defined on E.(K, H)  (the space of bolmded linear operators defined 
from K into H)  by : 

V X E s H) ,  ~ A , B ( X )  ~--- A N  - X B .  

Recall that  for every operator A E L;(H), similar to a Jordan operator, R(SA) is closed 
[ 1 ] .  

L e m m a  1 . Let A, B E f-.(H) with B unitarily equivalent to A and A EAr. Then we have 
B E A r .  

P r o o f .  Let A, B E s  such that  A EAr and such that  there exists a unitary operator 
U E / : ( H )  verifying B = U*AU. 
If  C* E R((~B)-N {B*}t, there exists (Xn)neN* C / : ( H )  such t h a t :  

C* = lim,~(BX,~ - X,~B) and B C  = C B .  

So we have : 

C* = l im,~(U*AUXn - X ~ U * A U )  and U * A U C  = CU*AU. 

Let us operate on the left with U and on the right with U* the two members of these last 
equalities, we obtain : 

UC*U* = l im,~(A(UX,  y * )  - (UX~U*)A)  and A(UCU*)  = (UCU*)A,  

hence UC*U* E R(SA)- A {A*}' ; and taking into account tha t  A E Ar, we deduce that  
C = 0 ;  so B EAr. 

L e m m a  2 .  Let H, K be two complex HiIbert spaces and n, m two strictly positive integers. 
For all A E L;(H('~)), Jordan block o.f order n, and .for all B E / : (K( '~ ) ) ,  Jordan block of 
order m ,  we have : 

n = {0}. 

P r o o f .  We consider the two cases : m < n and n < m. 

C a s e l : m < n .  
We have : A = [Ai,j ]l<_i,j<~ , B = [B~,p ]l<_~,Z<-~ 

with Ai,i+l = IH, for i = 1, . . . ,n -- 1 ; B~,~+I = IK,  for a = 1, . . . ,m  -- 1 ; 
and Ai,j  = OH, B~,~ = OK in the other cases. 
Let C* E R((IA,B) M ker($A*,B*) ; there exists X E / : ( K  ( '0 ,  H ('~)) such that  : 

C* = A X -  X B  and C A  = BC.  
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We deno te  by  [X~,~ ] and  [Cc~,j ] the  mat r ices  of X and  C respectively�9 
T h e n  we have th ree  poss ib le  cases : 
i) n = m = 1.This  case is t r iv ia l  because  A = OH and  B = 0K. 
ii) n _ > 2 a n d m = l .  W e h a v e B = 0 K ,  C * = A X a n d C A = 0 � 9  s o C = 0  
and  R(~A,B) N ker(~A*,B* ) = {0}. 
iii) n _> 2 and  m _>2. For  all i E {1 , . . . , n}  and  for all  a E {1 , . . . ,m}  we can  wr i te  : 

(• 

E~=I C~,~Aj,i = E f ~ = l  Bcqflef~, i 

Using the  first  l ine of (I), we wr i te  : 

(ii) 
For l < i < n - 1  and  2 < a < m : C * , i  = Xi+l,~ 
F o r i = n  and  2 < a < m :  C*,,~ = - X , ~ , ~ - I  
For  l < i < n - 1  et  a = l :  C~,~ = X~+1,1 
F o r i = n  and  a = l :  C~,n = 0 

- Xi,c~-i 

At las t  using the  second line of (I), we have : 

(HI) 
For 2 < i < n and  1 < a < m - 1 : Cc~#-i ~- Cc~-kl,i 
F o r 2 < i < n  and  a = m :  C,~,i-1 = 0 
F o r i = l  et  l < c ~ < m - l :  C~+1,1 = 0 

The  first  l ine of ( III)  means  t h a t  for all  i E {1, . . . ,n}  and  for all  c~ E {1, . �9  al l  t he  
t e rms  of the  d iagona l  of the  m a t r i x  [Cp,j ] con ta in ing  C~# are  equal�9 We now t u r n  our  
a t t e n t i o n  on  the  pos i t ion  of t he  first  t e r m  of each diagonal �9 

If  the  first  t e r m  is on the  first  co lumn b u t  not  on the  first  row, it is a C~,~, 2 < a < m,  
and  us ing the  t h i rd  l ine of  ( I I I ) ,  we find t h a t  it  is zero�9 So, if we call  nu l l -d iagonal  every  
d iagona l  whose  all the  t e r m s  are  null, all the  d iagona ls  under  the  d iagona l  con ta in ing  C1,1 

are  nu l l -d iagonals  . 
W i t h  the  no t a t i ons  CI , j  = Cj for j E {1, . . . , n  - 1}, the  m a t r i x  [Cz,j ] is 

[ c z , j  ] = 

C i C2 ... C.~- I C.~ C1 C2 ... Cm-1 

0 �9  "�9 " ' '  

�9 �9 ". " . � 9  

. . . . . .  0 C1 

C r a  + l 

Cm 
C n _ l  

�9 . ,  . .  

0 

~ t 
i ) 

If the  first  t e r m  is on the  first  row, it is a C1,~, i E (1, _, n - 1}. So we have : 

(IV) [C1# = C2#+1 . . . . .  C,~_~,j_~ = C,~,j], 
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where C~,j denotes the  last t e rm of the  diagonal  containing C1,~. 
a) If j E {rn, ..., n - 1} we have c~ = m, the  last t e rm of the  diagonal  is on the  last row 
but  not on the  last column ; so by using the  first line of (III) we ob ta in  C,~,j = 0 ; then  
the  diagonal  containing C1,~ is null. 
b) If j = n, we have c~ c {2, ..., m}, the  last t e rm of the  diagonal  is on the  last  column ; 
we use the  adjoint  in (IV) and use (II), so we obta in  : 

C~# = X~+l,1 = X~+2,2 - Xi+x,1 . . . . . . . .  X ~ , ~ - I  - X~-1 ,~-2  = - X  . . . .  x- 

Remark  tha t  the  sum of all these equal terms is zero, so each te rm is zero. 
From a) and b),we deduce tha t  all the  diagonals  of [C~,j] are null-diagonals.  
This ends the  proof. We have proved tha t  C = 0 and R(6A,B) f~ ker(SA.B.)  = {0}. 

Case 2 : n _< m. 
Let  C* E R(~A,B) A ker(6a*,B*). 
We have C ~ R(~B*,A*) (3 ker(6B,A), and using the result of the  case 1, we obta in  C = 0 
and we are  done. We have obta ined  R(~A,B) N ker(~A*B*) = {0}. 

T h e o r e m  3 . Let A be a Jordan operator (of any order). Then we have : 

R(~A) n {g*} '  = (0}. 

P r o o f .  W i t h  the  nota t ions  precised at  the  beginning we write 

A = J 1 0 " " |  

Let B* E R(6A) A {A*}' and [B~,z ] the  ma t r ix  associated to B. 
There  exists X = [X~,~ ] such tha t  : 

B* = A X -  X A  and A B  = BA.  

So we have for all c~ �9 {1, ..., m} and for a l l /3  �9 {1, ..., m}, 

B*  = J ~ X ~ , z  - X ~ , z J  ~ ~,o~ 

JzB#,~ = B#,~J~ 

Then : B*fl,c~ �9 R(~j=,j#) A ker(6g.,j;),  

and since the  J.~ (7 = 1,... ,  m) are Jo rdan  blocks, using lemma 2, we have 
BZ,~ = 0, for all c~,/3 �9 (1, . . . ,m}; then  B = 0, and R(SA) 0 (A*} '  = {0}. 

C o r o l l a r y  4 . The class Af contains all the operators unitariIy equivalent to Jordan 
operators. 

P r o o f .  R(SA) is closed for each opera tor  A similar to a Jo rdan  operator ,  so this corollary 
follows immedia t ly  from theorem 3 and lemma 1. 
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This result induces the next question : 

Ques t ion  : Are all the operators similar to Jordan operators in the cla~s A/? (or 
equivalently, using the equivalence in [1] , are the nilpotent operators A such that R(~A) 
is closed in the class Af ? ) 
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